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Abstract
The present study employs a mathematical method, i.e., Particle Filter (PF), to accurately
estimate the parameters of three standard aquifers. The method is linked to a new developed
numerical method, i.e., meshless local Petrov-Galerkin based on the moving kriging method
(PF-MLPG-MK), to determine the aquifer parameters such as hydraulic conductivity coefficient,
transmissivity coefficient, and storage coefficient or specific yield appropriately. For this
purpose, a set of particles scattered in the state space. Each particle has two features: location
and weight. Particles with greater weight values have the closer location to the estimation.
Weight values which are assigned to each particle is computed based on the maximum
likelihood function. This function is calculated in MLPG-MK simulation model. Overall, by
linking particle filter model to the accurate simulation model, an efficient estimation method for
aquifer parameters is obtained. This model applied to three standard aquifers. In the first
standard aquifer, the estimated parameters of hydraulic conductivity and specific yield were
30.21 and 0.143, respectively. However, the exact values are 30 and 0.15. Also, in the second
standard aquifer, the predicted transmissivity and storage coefficients were 99.7038 and
0.001057 whereas their true values are 100 and 0.001. In the third aquifer, the exact value of six
parameters were achieved. The sensitivity analysis of the number of particles was carried out.
Results revealed that with increasing the particles more accuracy will be achieved. 60, 80 and
100 particles were considered in the model. Results for 100 particles showed more accuracy.
Keywords: Aquifer Hydrodynamic Parameters, Groundwater Modelling, Particle Filter,
Meshless Local Petrov-Galerkin.
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1. Introduction
Groundwater is one of the main sources of fresh water in all regions and the only source of
water supply in arid and semi-arid regions of the world. Even in countries with favorable rainfall
conditions, groundwater is still considered the primary source due to easy access [1]. Nowadays,
the expansion of groundwater exploitation has caused a dramatic drawdown in groundwater
levels [2]. The overwhelming extraction of groundwater, occurring due to population growth and
the rapid development of urbanization and also new industries, has been rapidly depleted these
resources. Therefore, the sound management of these resources is essential. This is one of the
main strategies adopted by engineers and water managers to alleviate the damage impacts on the
aquifer by which they can advance their goals for decision making and planning of water
consumption [3],[4].
Groundwater models are generally used to manage these resources as a helpful tool. These
models solve the partial differential equations of a groundwater system for which data on
hydrogeology of the study zone is required. Since aquifers are anisotropic, the parameters are not
distributed across them uniformly. Therefore, efficient groundwater management is dependent
on providing accurate data on transmissivity coefficient, hydraulic conductivity, and specific
yield [5]. Solicitation of such data to anticipate groundwater levels in a specific zone is an
essential problem. Since these parameters vary across an aquifer due to the spatial distribution of
the aquifer, hydrogeologist can hardly gather sufficient information about them at different spots
of an aquifer. It should be noted that providing precise information on these parameters in a large
aquifer is time-consuming and costly. Accordingly, it is required to find a way to determine the
values of these parameters most accurately but with the lowest possible cost and in the shortest
possible time.
The present paper employs the particle filtering approach to estimate the aquifer parameters.
In engineering processes, real time and reliable estimation of a dynamic system is a key element
in model-based approaches, such as optimizations, simulations, and monitoring systems [6]. The
main idea behind the particle filter is to estimate the probability density function due to the
production of a large number of samples (particles), each of which has its own weight. These
particles and their weights are updated sequentially by following the new observational data
available [7]. This model, which is a real time model, is used to find the optimal and correct
values of the parameters compared to the observed values at different locations and times across
the study zone. The transmissivity coefficient, hydraulic conductivity coefficient, storage
coefficient, and also specific yield are often the most significant calibration parameters in
aquifers. Furthermore, other parameters, such as the extraction of wells, recharge value, and
boundary conditions can be considered for the calibration process [8]. The particle filtering
technique is used to allocate appropriate values to the model parameters, thereby predicting the
parameters to the extent that the best match is achieved by comparing the model outputs with the
field data. In the simulation process of the groundwater flow, model outputs can be several
variables, such as hydraulic head and groundwater drawdown.
In recent years, several studies have been conducted on aquifer parameters [9-15]. For
instance, Carrera et al. [16] discussed all the factors influencing aquifer parameters,
uncertainties, and different parameter estimation models.
Hill [17] presented a simplified model to calculate aquifer parameters. The main advantage of
that model was that it could be applied to all aquifers under any conditions. They also stated that
although this model was developed for groundwater, it was applicable to all engineering fields.
Fu & Gómez-Hernández [18] pointed out that groundwater and mass transfer contained
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highly uncertain parameters. Then, using the Markov Chain based on the Monte Carlo
uncertainty method, they estimated the parameters for an assumed aquifer and anticipated them
for places where sampling was not possible. Ayvaz et al. [19] used observational data on the
water surface to propose an inverse modeling algorithm in order to zone and determine the
parameters of an aquifer. It is worth noting that Ayvaz et al. [19] used a kernel-based fuzzy cmeans (KFCM) approach for the aim of zonation. Their model does not require an initial
estimation. They implemented their algorithm on two test cases and then performed a sensitivity
analysis on their work. The results stated that the utilized algorithm was efficient and effective in
determining aquifer parameters and zonation. Copty et al. [20] computed parameters of a
confined aquifer at any point in time using an approach based on the ratio of the drawdown to
the logarithmic derivative of drawdown. Sahin [21] used a new approach based on the radial
basis function collocation method to estimate confined aquifer parameters. The performance of
his approach examined under several pump tests scheme in different test cases involved isotropic
and anisotropic conditions. Lastly, He compared his results with ANN5 estimation method.
Results determined that his approach was as viable alternative technique for estimation. Swathi
and Eldho [22] used a simulation-optimization (SO) model in order to determine the aquifer
parameters and zonation structures. Their SO model comprised MLPG numerical method and
particle swarm optimization algorithm. A hypothetical aquifer case study was engaged as well.
Weighted least square approach was applied for inverse modelling aims. They found the
proposed method effective and satisfactory even in real field aquifer. Naderi [23] estimated
parameters of three confined aquifers using simple derivative-based method. He applied his
method for a synthetic, published and a real aquifer. Transmissivity, hydraulic conductivity and
storage coefficients were the estimated parameters. His results showed that the estimation
accuracy was satisfactory and acceptable. Thomas et al. [24] presented a new SO model by
linking radial point collocation method (RPCM) and cat swarm optimization (CSO) for
estimation of aquifer parameters. They applied their model in two aquifers, one is standard and
the other one is regional. Achieved results showed the reliable performance of RPCM and CSO
as estimation method.
Thomas et al. [25] developed a simulation-optimization model in order to simulate
contaminant transport process and estimate the parameters of their simulation model. Simulation
model was radial point collocation method which is recognized as the strong form of finite
element methods. Also, cat swarm optimization and particle swarm optimization were engaged
to estimate transmissivity, longitudinal dispersion and transverse dispersion. Eryiğit [26] used
modified clonal selection algorithm as optimization method to estimate four groundwater flow
parameters. MODLFOW was engaged as simulator as well. the proposed model was applied in
two hypothetical cases. Results presented the feasibility of the model in estimation of
groundwater parameters.
A few studies have addressed the use of meshless methods to simulate groundwater flow.
Swathi and Eldho [27] employed MLPG to simulate groundwater flow in two hypothetical and
one real aquifers. They used radial basis function for construction of shape function. Finally,
they compared their results with FDM and FEM solutions. High accuracy of MLPG methods
showed it power and capability. Mohtashami et al. [28] developed MLPG model in order to
simulate groundwater flow in Birjand unconfined aquifer. Their engaged method was based on
the moving least square’s function (MLS). They verified MLPG model with FDM solutions. The
comparison presented high accuracy of MLPG-MLS model. As the RMSE error for MLPG5

Artificial Neural Network

WINTER 2021, Vol 7, No 1, JOURNAL OF HYDRAULIC STRUCTURES
Shahid Chamran University of Ahvaz

Estimation of Parameters in Groundwater Modelin …

19

MLS and FDM was 0.757m and 1.541m respectively. Pathania et al. [29] used meshless method
named element free Galerkin (EFG) in order to simulate groundwater flow in three aquifers.
They mentioned high accuracy of EFG in comparison of grid-based methods e.g., FDM and
FEM.
In this study, particle filter method, one of the robust data assimilation (DA) techniques is
used to accurately predict the hydrodynamic parameters of three standard aquifers. This
powerful method known as a real time approach is engaged for the first time in this filed. For
this aim, particle filter linked to the meshless groundwater simulation model to develop an
online calibration/simulation model named PF-MLPG-MK. Meshless local Petrov-Galerkin
based on the moving kriging function (MLPG-MK) is the simulation model. Lastly, the
proposed model (PF-MLPG-MK) is applied to three standard aquifers for estimation of aquifer
parameters.
2. Methods
2.1. Particle filter
A particle filter known as a powerful estimation method computes the probability density
function of a random process and also estimates the exact state of the object in the future time
based on the states and observations of previous times. The particle filter makes some estimates
for the state of the object to select the best one [30].
To this end, in the initial step, particles are scattered in the space which its dimension equals
to the number of parameters that must be estimated. The particles are state vectors that are
aggregated and use the probability distribution function. Weight values assign to each particle.
1
This weight value in the first step is equal for all particles around ( 𝑁) (N is the number of the
particles scattered in state space) [30]. In the next step, the weight value depending on the
position of the particle is updated. Once the weight of each particle is determined, to prevent
from degeneracy occurrence, re-sampling method is carried out.
To be more specific, the particles with very low weight are emitted, and the particles with
high weight are involved in the generation of new particles around their coordinates. This
function reduces computation time and prevents the particles from spreading in vain [31].
The particle filtering is an effective way to solve the estimation issues in nonlinear Gaussian
noise systems. This method is a part of the Monte Carlo statistical methods. In order to describe
the particle filter, consider the following nonlinear system:
(1)
𝑥𝑡 = 𝑓(𝑥𝑡−1 ) + 𝑤𝑡−1
(2)
𝑦𝑡 = 𝑔(𝑥𝑡 ) + 𝑣𝑡
where 𝑥𝑡 is the state vector, 𝑦𝑡 is the measurement vector, and f and g are nonlinear functions,
respectively. Furthermore, it is assumed that 𝑤𝑡 and 𝑣𝑡 are processes called noise and
measurement noise, respectively. The particle filter of the posterior probability density function
𝑝(𝑥𝑡 |𝑦1:𝑡 ) is defined as a set of weighted particles as follows (Figure 1):
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Figure 1. Descriptions of posterior function [32]
(𝑖)

(𝑖)

𝑆𝑡 = {(𝑥𝑡 , 𝑤𝑡 )| i = 1, … , N}
(𝑖)
𝑥𝑡

(3)

(𝑖)
𝑤𝑡

where N,
and
are the number, locations and weights of particles. The particle filter
approximates the posterior function of 𝑝(𝑥𝑡 |𝑦1:𝑡 ) as follows [32],[33]:
𝑁

(𝑖)

(𝑖)

𝑝(𝑥𝑡 |𝑦1:𝑡 )~ ∑ 𝑤𝑡 𝛿(𝑥𝑡 − 𝑥𝑡 )

(4)

𝑖=1

(𝑖)
(𝑖)
(𝑖)
where 𝛿(𝑥) is the Dirac Delta function and 𝑤𝑡 > 0 is the weight of 𝑥𝑡 and ∑𝑁
𝑖=1 𝑤𝑡 = 1.
Direct sampling from the probability density function (known as the objective weighing
function) is not possible; hence, the important sampling method is used. In the important
sampling method, instead of directly sampling the target function, a proposed weighing function
is proposed. Considering the proposed density function as 𝑞(𝑥0:𝑡 |𝑦1:𝑡 ), the particle weight is
calculated as follows [32]:
(𝑖)
𝑝(𝑥0:𝑡 |𝑦1:𝑡 )
(𝑖)
𝑤𝑡 =
(5)
(𝑖)
𝑞(𝑥0:𝑡 |𝑦1:𝑡 )
By decomposing the proposed density function as follows, weights will be calculated
recursively [34]:
(6)
𝑞(𝑥0:𝑡 |𝑦1:𝑡 ) = 𝑞(𝑥𝑡 |𝑥0:𝑡−1 , 𝑦1:𝑡 ) × 𝑞(𝑥0:𝑡−1 |𝑦1:𝑡−1 )
(𝑖)
In this case, the particles of 𝑥0:𝑘 that are a sample from the proposed density distribution
(𝑖)
function of 𝑞(𝑥0:𝑘−1 |𝑦1:𝑘−1 ) are obtained by the new state of 𝑥0:𝑘 that is sampled from
(𝑥0:𝑘 |𝑥0:𝑘−1 , 𝑦1:𝑘−1 ). The weight of these particles is as follows [35],[36]:
𝑝(𝑥1:𝑡 |𝑦1:𝑡 )
(𝑖)
𝑤𝑡 =
(7)
𝑞(𝑥𝑡:𝑡−1 |𝑦1:𝑡−1 ) × 𝑞(𝑥1 |𝑦𝑡 , 𝑥𝑡−1 )

On the other hand, according to the Bayes law, the posterior probability density function can
be written as follows [32]:
𝑝(𝑥0:𝑘 |𝑦1:𝑘 ) =

𝑝(𝑦𝑘 |𝑥0:𝑘 , 𝑦1:𝑘−1 )𝑝(𝑥0:𝑘 |𝑦1:𝑘−1 ) 𝑝(𝑦𝑘 |𝑥0:𝑘 , 𝑦1:𝑘−1 )𝑝(𝑥𝑘 |𝑥0:𝑘−1 , 𝑦1:𝑘−1 )
=
𝑝(𝑥0:𝑘−1 |𝑦1:𝑘−1 )
𝑝(𝑦𝑘 |𝑦1:𝑘−1 )
𝑝(𝑦𝑘 |𝑦1:𝑘−1 )
𝑝(𝑦𝑘 |𝑥𝑘 )𝑝(𝑥𝑘 |𝑥𝑘−1 )
=
𝑝(𝑥0:𝑘−1 |𝑦1:𝑘−1 ) ∝ 𝑝(𝑦𝑘 |𝑥𝑘 , 𝑦1:𝑘−1 )𝑝(𝑥𝑘 |𝑥𝑘−1 )𝑝(𝑥0:𝑘−1 |𝑦1:𝑘−1 )
𝑝(𝑦𝑘 |𝑦1:𝑘−1 )

(8)

So, the particle weight is calculated as the following recursive relation [33]:
(𝑖)
(𝑖) (𝑖)
(𝑖)
(𝑖) 𝑝(𝑦𝑡 |𝑥𝑡 )𝑝(𝑥𝑡 |𝑥𝑡−1 )
𝑤𝑡 = 𝑤𝑡−1
(9)
(𝑖) (𝑖)
𝑞(𝑥𝑡 |𝑥𝑡−1 , 𝑦1:𝑡 )
This method is known as the post probability of significant sequential important sampling
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(SIS) [32, 33]. In order to avoid the degeneracy phenomenon, which is occurred when the
variance values of particles becoming high and their weight values reached to zero and make the
estimation to be ill, re-sampling, the sequential important sampling algorithm is introduced [37].
This algorithm which is known as the sequential important re-sampling (SIR) algorithm has
three steps including sampling, calculating particle weight, and re-sampling:
1- Sampling: The particles are obtained by sampling from the proposed distribution.
𝑥 (𝑖) ~𝑞(𝑥𝑡 |𝑦1:𝑡 )
2- Calculating particle weight with using Eq. 9.
3- Re-sampling: Higher-weight particles replace the lower-weight particles.

(10)

As we mentioned, particle degeneracy occurs in particle filter when the variance of weight
values becoming large. This is the main drawback of particle filter. In order to solve this
problem, resampling method recommended. In this technique, the following concept introduced
in equation 11 [32]:
1
𝑁𝑒𝑓𝑓 =
(11)
(𝑖) 2
∑𝑁
𝑖=1 (𝑤𝑡 )
(𝑖)

In this equation, when the weight value (𝑤𝑡 ) is lower than a threshold size (𝑁𝑡ℎ𝑟𝑒𝑠ℎ ),
resampling algorithm activates. The important issue is the value of (𝑁𝑡ℎ𝑟𝑒𝑠ℎ ). Based on the
𝑁
references presented in this field, the best value for this parameter is 2 [38],[39]. The following
equation shows the condition that resampling technique must be carried out [38]:
𝑁
)
2
→ 𝑅𝑒𝑠𝑎𝑚𝑝𝑙𝑖𝑛𝑔 𝑝𝑟𝑜𝑐𝑒𝑑𝑢𝑟𝑒 𝑖𝑠 𝑛𝑒𝑒𝑑𝑒𝑑

𝑖𝑓 𝑁𝑒𝑓𝑓 < (𝑁𝑡ℎ𝑟𝑒𝑠ℎ =

(12)

Resampling technique makes the particle filter method compatible with the condition of
problem and removes the particle degeneracy. In this paper, the particles considered the state
space amount to 100, 80 and 60. The different number of particles considered in the PF-MLPGMK model and sensitivity analysis is carried out.

2.2. Meshless local Petrov-Galerkin (MLPG)
Extensive research has been carried out in fluid mechanics related to the meshless methods.
These methods remove the drawbacks of the gird-based numerical methods, e.g., FEM and
FDM, with just adding or deleting a set of field nodes [40]. They overcome the limitations of the
FEM numerical method in updating boundary conditions [41]. These methods have
outperformed FEM in terms of accuracy [42]. Also, the defects of the finite difference method,
which is restricted to the rectangular meshes, are eliminated in these numerical methods.
MLPG is a weak form of meshless methods presented in 1998 by Atluri and Zhu [43] to
solve the potential equation. This method is generally used in fluid mechanics and involves two
functions: the weight function (cubic spline) and moving kriging. The moving kriging function is
used to construct a shape function. For more details refer to Mohtashami et al. [28],[44] It should
be mentioned that MLPG has already been used by authors to simulate groundwater flow in field
aquifer and it is calibrated and verified by the observation data and FDM solutions. The higher
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accuracy of MLPG indicates its power and capability [45],[46].

2.3. Moving Kriging method (MK)
Moving kriging method formulation is similar to MLS6 approximation function which is used
by MLPG in order to construct shape function. This function satisfies the Kronecker delta
property. consider the function (ℎℎ (𝑋)) is defined as groundwater head. Therefore, the
formulation of shape function is presented in Eq. 13
𝑛

ℎ

ℎ (𝑋)

= ∑ 𝜙𝐿 (𝑋)ℎ𝐼

(13)

𝐿

Where 𝜙𝐼 (𝑋)is the shape function and 𝐿 is the number of nodes scattered in the whole
domain. In this equation, 𝜙𝐼 (𝑋) is computed with the following equation:
(14)
𝜙(𝑥) = 𝑝𝑇 (𝑥)𝐴 + 𝑟 𝑇 (𝑥)𝐵
Where 𝐴 and 𝐵 are expressed as:
(15)
𝐴 = (𝑃𝑇 𝑅 −1 𝑃)−1 𝑃𝑇 𝑅−1
−1
(16)
𝐵 = 𝑅 (𝐼 − 𝑃𝐴)
In these equations 𝐼 is a unit matrix and 𝑃(𝑋) is the basis function obtained from the
monomials in the Khayyam-Pascal triangle. 𝑅 and 𝑟(𝑋) are defined in Eq. (17) and (18):
𝑟(𝑥1 , 𝑥1 ) … 𝑟(𝑥1 , 𝑥𝑁 )
…
…
(17)
𝑅=[
]
𝑟(𝑥𝑁 , 𝑥1 ) … 𝑟(𝑥𝑁 , 𝑥𝑁 )
(18)
𝑟 𝑇 (𝑥) = [𝑟(𝑥, 𝑥1 ) 𝑟(𝑥, 𝑥2 ) … 𝑟(𝑥, 𝑥𝑁 )]
Where 𝑟(𝑥𝑖 , 𝑥𝑗 ) is the correlation function between any pair of nodes located at 𝑥𝑖 and 𝑥𝑗 .

2.4. Groundwater flow equation in the confined aquifer
The governed equation for groundwater flow in a transient condition is given in Eq. 19 [47]:
𝜕 𝜕𝐻
𝜕 𝜕𝐻
𝜕𝐻
𝑘𝑥
( ) + 𝑘𝑦
( )=𝑆
+ 𝑄 × 𝛿(𝑥 − 𝑥𝑤 )(𝑦 − 𝑦𝑤 ) + 𝑞
(19)
𝜕𝑥 𝜕𝑥
𝜕𝑦 𝜕𝑦
𝜕𝑡
where the initial condition is considered with the results achieved from the steady condition
[47]. The boundary condition in groundwater studies can be defined as the constant head
boundary (Dirichlet), constant flow boundary (Neumann) [46]. Here, 𝐻 represents groundwater
head [L], 𝑘 stands for hydraulic conductivity coefficient [L/T], 𝑄 denotes the discharge (+) or
recharge (-) rate [L/T], 𝛿 is the Dirac delta function, 𝑆 is storage coefficient, and q stands for the
distributed flow, e.g., precipitation and evaporation.
After the discretization of the groundwater flow equation, a set of linear equations are
generated in the form of 𝐾𝑈 = 𝐹 as explained by 20-22 equations [39],[44]:
𝜕𝑊𝑖 𝜕∅
𝜕𝑊𝑖 𝜕∅
1
[𝐾] = 𝑘 [∬
𝑑𝛺 + ∬
𝑑𝛺] − ∬ 𝑊𝑖 𝑆 ( ) 𝑑𝛺
(20)
𝜕𝑥 𝜕𝑥
𝜕𝑦 𝜕𝑦
∆𝑡
𝛺

𝛺

[𝑈] = 𝐻 𝑛+1

6

𝛺

(21)

Moving Least Squares
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[𝐹] = ∬ 𝑊𝑖 𝑆 (
𝛺

𝐻𝑛
) 𝑑𝛺 + 𝑄 × 𝛿(𝑥 − 𝑥𝑤 )(𝑦 − 𝑦𝑤 )
∆𝑡

23

(22)

In Eq. 20, 𝑊 and ∅ represent weight and shape functions. Here, 𝐾, 𝐹 and 𝑈 represent the
stiffness matrix, force body vector, and the unknown variables vector.

2.5. Groundwater flow equation in the unconfined aquifer
Based on the Dupouit assumption, the governed equation of groundwater flow in a transient
condition is stated in Eq. 23 [48]:
𝑆𝑦 𝜕𝐻
𝜕
𝜕𝐻
𝜕
𝜕𝐻
(23)
(𝑘𝑥 𝐻 ) +
(𝑘𝑦 𝐻
)=
+ 𝑄 × 𝛿(𝑥 − 𝑥𝑤 )(𝑦 − 𝑦𝑤 ) + 𝑞
𝜕𝑥
𝜕𝑥
𝜕𝑦
𝜕𝑦
𝜕𝑡
In this equation 𝑆𝑦 denotes as specific yield.
As the following equation:
𝜕𝐻 2
𝜕𝐻 𝜕𝐻 2
𝜕𝐻
(24)
= 2𝐻
,
= 2𝐻
𝜕𝑥
𝜕𝑥 𝜕𝑦
𝜕𝑦
With the substitution of Eq. 24 in 23:
𝑆𝑦 𝜕𝐻
𝜕
𝜕𝐻 2
𝜕
𝜕𝐻 2
(25)
+ 𝑄 × 𝛿(𝑥 − 𝑥𝑤 )(𝑦 − 𝑦𝑤 ))
(𝑘𝑥
)+
(𝑘𝑦
) =2×(
𝜕𝑥
𝜕𝑥
𝜕𝑦
𝜕𝑦
𝜕𝑡
As the aquifer is homogeneous and isotropic (𝑘 = 𝑘𝑥 = 𝑘𝑦 ):
𝑆𝑦 𝜕𝐻
𝜕 2 𝐻2
𝜕2 𝐻2
(26)
𝑘 [( 2 ) + (
+ 𝑄 × 𝛿(𝑥 − 𝑥𝑤 )(𝑦 − 𝑦𝑤 ))
)] = 2 × (
2
𝜕𝑥
𝜕𝑦
𝜕𝑡
In the most discrete state of the groundwater equation, a set of linear equations 𝐾𝑈 = 𝐹 are
obtained. In 27-29 equations, each matrix determinates [44]:
𝜕𝑊𝑖 𝑛 𝜕∅
𝜕𝑊𝑖 𝑛 𝜕∅
1
[𝐾] = −2𝑘 [∬
𝐻
𝑑𝛺 + ∬
𝐻
𝑑𝛺] − 2 ∬ 𝑊𝑖 𝑆𝑦 ( ) 𝑑𝛺.
(27)
𝜕𝑥
𝜕𝑥
𝜕𝑦
𝜕𝑦
∆𝑡
[𝑈] = 𝐻 𝑛+1

𝛺

𝛺

𝛺

(28)

𝐻𝑛
[𝐹] = −2 ∬ 𝑊𝑖 𝑆𝑦 ( ) 𝑑𝛺 + 𝑄 × 𝛿(𝑥 − 𝑥𝑤 )(𝑦 − 𝑦𝑤 )
∆𝑡

(29)

𝛺

Noticed that the weight function in equations (20-22) and (27-29) is calculated with the
following equation [40,42]:
2
2
̅̅̅3
− 4𝑟̅̅̅
𝑟̅𝑖 ≤ 0.5
𝑖 + 4𝑟𝑖
3
4 ̅̅̅3
(30)
𝑊𝑖 (𝑋) = 4
2
− 4𝑟̅𝑖 + 4𝑟̅̅̅
̅𝑖 ≤ 1
𝑖 − 𝑟𝑖 0.5 < 𝑟
3
3
0
𝑟̅𝑖 > 1
{
}
Figure 2 shows the flowchart of our work.
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Start

Input data: recharges and discharges
rate, hydraulic conductivity coefficient
and specific yield

Initialize Particle
Filter Parameters

Computing the Stiffness
And Force Body for Each Node

Generaion Initial Population (X0,w)

Propagate Particles in State Space
Regarding to the Previous State
Xk-1--> Xk

Assembling in a global matrix

Enforcing Boundary Condition
K=K+1
Update Weights, wk-1, wk
Solving the Linear equation
No
𝑁𝑒𝑓𝑓
≤ 𝑁𝑡ℎ𝑟𝑒𝑠ℎ

Groundwater Head

If
𝑡 ≤ 𝑡𝑚𝑎𝑥

Resampling

No

No

Exact value of
Parameters

End

Yes

Yes

𝑖
𝑊𝑘𝑖 − 𝑊𝑘−1
≤𝜀

Computation of Maximum
Likelihood Function
Resample procedure

Figure 2. Flowchart of PF-MLPG-MK model

Figure 2 shows the flowchart of PF-MLPG-MK model. In the first step, the upper and lower
bounds of uncertain parameters are determined. Then a set of particles generated in the state
space. The dimensions of state space are equal to the number of uncertain parameters. In the first
iteration (K=0), particles scattered in the state space randomly, however, in the next iterations,
based on the value of maximum likelihood function, particles’ location is updated. All particles
have a weight value which is computed by equation 9. In the first step, this value is equal for all
1
particles (𝑁). In the next steps, based on the maximum likelihood function, new weight values
are assigned to the particles. Noticed that particles with greater weight values are closer to their
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exact ones.
Maximum likelihood function is calculated in the MLPG-MK model. This function is derived
from [39] and is presented in the following equation:
1
(𝑦 − 𝑆𝑖𝑚)2
(31)
2
(𝑖)
(𝑖)
𝑤𝑘 = 𝑤𝑘−1 . exp (−
)
2
𝑠𝑡𝑑
In Equation 31, 𝑤𝑘 (𝑖) and 𝑤𝑘−1 (𝑖) are the weight values in step k and k-1. 𝑦, 𝑆𝑖𝑚 and 𝑠𝑡𝑑 are the
observation, simulation and standard deviation, respectively.
To prevent from degeneracy occurrence in the particle filter method, resampling technique is
employed. In this situation, the particles with degenerated weight values corrected and modified.
The stop condition that is defined for PF-MLPG-MK model is the difference between the current
weight values and the previous weight values. If this difference is lower than a negligible value.
The stop criterion is satisfied and the program is terminated.
3. Results and Discussion
PF-MLPG-MK model known as a new simulation-calibration method is investigated in three
standard aquifers. In the first aquifer, hydraulic conductivity and specific yield is estimated. In
the second one, two parameters e.g., transmissivity and storage coefficients are determined. In
the last aquifer, the number of uncertain parameters equals to six. All of them are estimated as it
is discussed in the next sections.
It must be noticed that the engaged MLPG simulation model was calibrated and verified in
the real condition (field aquifer) as the following references [28],[44] and it is not discussed in
this paper. The sensitivity analysis of the number of particles in PF-MLPG model is carried out
as well. Three values are considered for this aim. 60, 80 and 100 particles are considered in the
state space. The comparison of their results is presented in the following sections.
3.1. The first aquifer
The unconfined aquifer in Kulkarni's [49] research is used to calibrate the MLPG method
herein. An unconfined aquifer is displayed in Figure 3. The dimensions of the aquifer are
3200*2800 m2. It is both homogenous and isotropic. The eastern and western boundaries of the
aquifer are constant flows with zero values, recognized as no flow boundaries and the northern
and southern sides include 100 m head, as they are constant head boundaries. One observation
well placed at (1000, 1000) (with blue point symbol). This aquifer has two extraction wells,
located at (1400, 1400) and (1800, 1400) (red points) coordination. The discharge rate of
extraction wells is 1142.85 and 1428.57 m3/day, respectively. The initial groundwater table is
considered 100 m for all nodes as well [49]. The aquifer is investigated in a transient state.
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Figure 3. Representation of the first aquifer with two extraction wells and one observation well

Using the particle filter method, aquifer parameters e.g., hydraulic conductivity coefficient
and specific yield coefficient are estimated. These values are 30.21 and 0.143, respectively,
which are slightly different from their true values of 30 and 0.15 [49]. These differences are
equal to 0.21 and 0.007. As previously mentioned, the dimensions of the state space in the
particle filter algorithm are equal to the number of parameters that would be estimated. Since the
two parameters of hydraulic conductivity coefficient and specific yield coefficient are estimated
within this example, the state space is two-dimensional in which the first axis determines the
specific yield coefficient and the second axis represents the hydraulic conductivity coefficient.
The ranges considered for these coefficients are [0.001, 0.2] and [10, 100], respectively, which
are specified in figure 4.
In Figure 4-a, the randomly distributed particles in the state space are presented. As time
elapses and the prediction and filtration operations are implemented in the particle filter model,
the particles move to a part of the state space where the particle weight is higher. Figure 4 shows
the particles at the first, fourth, eighth and fifteenth stages of the model implementations.
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(b)

(c)
(d)
Figure 4. Simulation model a) In first stage b) In the fourth c) In eighth stage f) In fifteenth stage

Figure 4 illustrates the distribution of particles at different stages of the PF-MLPG-MK
model. As previously mentioned, the horizontal axis represents the specific yield coefficient
values and the vertical axis is the values of the hydraulic conductivity coefficient. As the
sequence performs, the response area becomes smaller so that some particles overlap as shown
in Figure 4-d. The final value is calculated based on the average state vector values at the last
implementation.
In order to evaluate the accuracy of the utilized methods in groundwater flow modeling in
comparison with the analytical solution, four indices of error including mean, absolute mean,
root mean square, and normalized root mean square (a dimensional form of mean square root
error) are used. The unit of these errors is based on the unit of the entered values. These errors
are calculated using Eq. 32-35, respectively.
𝑛
𝑡
𝑡
∑𝑚
𝑡=1 ∑𝑖=1(ℎ𝑜𝑖 − ℎ𝑠𝑖 )
𝑛×𝑚
𝑛
𝑡
𝑡
∑𝑚
𝑡=1 ∑𝑖=1|ℎ𝑜𝑖 − ℎ𝑠𝑖 |
MAE =
𝑛×𝑚

ME =
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𝑡 2
∑𝑚 ∑𝑛 (ℎ𝑡 − ℎ𝑠𝑖
)
RMSE = √ 𝑡=1 𝑖=1 𝑜𝑖
𝑛×𝑚

(34)

𝑛
𝑡
𝑡 2
∑𝑚
𝑡=1 ∑𝑖=1(ℎ𝑜𝑖 − ℎ𝑠𝑖 )
NRMSE = √ 𝑚 𝑛
𝑡
∑𝑡=1 ∑𝑖=1(ℎ𝑜𝑖
− ̅̅̅
ℎ𝑜 )2

(35)

𝑡
𝑡
where ℎ𝑜𝑖
، ℎ𝑠𝑖
̅̅̅ و
ℎ𝑜 are the level of observed groundwater and the simulated and mean of the
observed values, respectively, n and m are the number of piezometers and the number of time
steps [50, 51]. Table 1 shows that the error values have been obtained from all the studied
methods.

Table 1. Calculation of errors

Mean error (m)
Mean Absolute error (m)
Root mean square error
(m)
Normalized RMSE

PF-MLPGMK
(60 particles)
-0.048
0.082

PF-MLPGMK
(80 particles)
-0.035
0.074

PF-MLPGMK
(100 particles)
-0.015
0.044

FEM
[49]

FDM
[49]

0.053 0.061
0.090 0.098

0.302

0.295

0.279

0.603 0.658

0.128

0.119

0.114

0.248 0.270

Regarding the error values in Table 1, the error of the meshless method is much lower than
the other methods, indicating the higher accuracy of this method in the modeling process of the
groundwater flow. Furthermore, among the abovementioned error indices, the square root mean
error is considered the main criteria [52]. This index for the meshless method is much lower than
the other methods. PF-MLPG-MK for 100 particles is more accurate than 80 and 60 particles.
This fact shows the role of more particles in accuracy of the model.
Figure 5 presents the groundwater head achieved from estimated parameters derived from
PF-MLPG-MK model in simulation model.

(a)
(b)
Figure 5. The computed head by MLPG-MK a) 3D view b) 2D view
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3.2. The second aquifer
A standard confined aquifer which is derived from Thomas et al. [53] is selected as the
second standard case study. The aquifer is depicted in Figure 6. It is isotropic and homogenous
with an area of 1400*1400 m2. It is also surrounded by two types of boundary conditions:
impervious and constant head with a value of 100 m head. As shown in Figure 6, both western
and eastern edges of the aquifer have constant head boundary conditions. The aquifer initial head
is equal to 100 m. An extraction well, which extracts water with a rate of 10000 m 3/day, is
placed at the center of the aquifer at the coordinate of (700,700). Although this aquifer has a
regular boundary (rectangular), it presents a real field aquifer with real conditions [54]. The
impervious boundaries that are placed in the northern and southern boundaries of the aquifer
represent mountains and the eastern and western sides of the aquifer indicate the river condition.
This aquifer also has six observation wells whose positions are shown in Figure 6.

(a)
Figure 6. Representation of the second standard aquifer

With using PF-MLPG-MK method, aquifer parameters for the second aquifer are estimated.
Transmissivity coefficient and storage coefficient are achieved. These values are 99.7038 and
0.001057, respectively, as their true values are 100 and 0.001 [53],[54]. The state space for this
aquifer is two-dimensional as well. The horizontal axis determines the storage coefficient and
the vertical axis shows the transmissivity coefficient. The ranges considered for these two
parameters are [90, 150] and [0.0001, 0.005].
Figure 7 illustrates changes in locations of particles in the state space. Through the higher
iteration, the particles close together. In the last iteration, almost the particles have the same
coordinates. Noticed that the following figures is depicted for PF-MLPG-MK with 100 particles.
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(a)

(b)

(c)

(d)

(e)
Figure 7. The convergence of particles in the second aquifer a) First stage b) Third stage c) Sixth
stage d) Tenth stage. e) Thirteenth stage

MLPG-MK simulation model is engaged in order to simulate groundwater model with the
estimated parameters of PF-MLPG-MK model. In order to investigate the accuracy of the
estimated parameters, the groundwater level is calculated by the results of PF-MLPG-MK and is
compared with the analytical solution method and the FEM in the observation wells at points
1,2, 3, 4, 5 and 6, respectively. These results are derived from Thomas et al. [53] Table 2 shows
the level of groundwater after ten days of pumping from wells. The groundwater level in the
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meshless method is closer to the analytical solution than the other methods, reflecting the higher
accuracy of this method. In this problem the results also show more accuracy with increasing the
number of particles.
Table 2. The groundwater head computed by different methods

Well number

1
2
3
4
5
6
Error calculation
Mean error (m)
Mean
Absolute
error (m)
Root mean square
error (m)
Normalized RMSE

The observed
head (m)
[53]

FEM head
(m)
[54]

PF-MLPGMK
(80
particles)

PF-MLPGMK
(60
particles)

96.925
93.747
90.021
85.132
78.346
67.637

PF-MLPGMK (m)
(100
particles)
96.831
93.7028
89.7279
85.4466
78.4308
67.6913

97.013
93.807
90.095
85.451
78.983
67.953

0.1494

0.14716

0.1482

0.1486

0.1494

0.14716

0.1482

0.1486

0.249

0.234

0.239

0.241

0.33

0.31

0.323

0.325

Figure 8 presents the simulated groundwater head visually.

(a)
(b)
Figure 8. The simulated groundwater head with MLPG a) 3D b)2D

3.3. The third aquifer
The standard confined aquifer, derived from Sharief et al. [55], is represented in Figure 9 and
counted as a real field aquifer. The size of the domain is 1800*1000 m 2. The thickness and the
storage coefficient of the aquifer are 10 m and 0.0004, respectively. The aquifer is recharged by
an aquitard placed on the northern side of the aquifer recognized with an orange color. The rates
of recharges are 0.00024 and 0.00012 m/day. Three extraction wells are located on (800,200),
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(800,800), and (1400, 600) and extract water at a rate of 200, 500 and 700 m 3/day, respectively.
There is also an injection well with the coordinates of (400,800), which injects water to the
aquifer by a discharge rate of around 800 m3/day. The aquifer is divided into three zones with
different transmissivity coefficients in the x and y directions, as shown in Figure 9. Therefore,
the anisotropic and heterogeneous condition is dominated. The boundary conditions in both
eastern and western sides of the aquifer are constant head at a value of 100 m and 95 m.
However, the northern and southern sides are impervious. There are three observation wells
located at (600, 400), (1600, 400) and (1000, 600) and recognized with blue color in figure 9.

Figure 9. Representation of third standard aquifer

In this problem, there are six uncertain parameters. This aquifer has three zones with different
transmissivity coefficient in x and y direction. As it is mentioned in the previous section, the
dimension of state space equals to the number of uncertain parameters. Therefore, the state space
is 6-dimensional and it isn’t imaginable for humans [56]. The results just presented in the
following table:
Table 3. Estimated aquifer parameters using PF-MLPG-MK with 100 particles

Aquifer parameters
Transmissivity in x direction (m2/day)
Transmissivity in y direction (m2/day)

Zone1
500.91
299.09

Zone2
400.50
250.22

Zone3
249.43
200.15

The estimated values entered to MLPG-MK simulation model and groundwater head is
computed. Results of MLPG-MK method is compared with the results of the analytical solution
method and the polynomial point collocation method in piezometers. The results and errors are
shown in Table 4. The values presented in this table are the water level at observation wells after
10,000 days of extraction.
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Table 4. Groundwater head computed by different methods in three piezometers

Piezometer number

1
2
3
Error calculation
Mean error (m)
Mean Absolute error (m)
Root mean square error
(m)

Analytical
PPCM
method(m) method(m)
[55]
[55]
98.2
97.1
95.25

PF-MLPGMK(m)
80 particles

PF-MLPGMK(m)
60 particles

98.149
96.927
95.313

PF-MLPGMK(m)
100
particles
98.182
97.012
95.141

0.0021
0.0021

0.0016
0.0028

0.0018
0.0029

0.0019
0.0029

0.191

0.141

0.152

0.159

Regarding the error presented in Table 4, for each of the three piezometers, the MLPG-MK
method causes more accurate responses compared to the other methods. However, in MLPG-Mk
with 100 particles exhibits more accuracy than MLPG-MKs with lower particles.
Figures 10-a and 10-b show the groundwater levels in the aquifer after 10000 days. The
lowering and raising of the water level in the pumping and injection wells are quite evident.

(a)
(b)
Figure 10. a) Groundwater head in unsteady state in 3D view b) Groundwater head in unsteady
state in 2D view

PF-MLPG-MK is a new coupled calibration/simulation method. As the results revealed this
model can estimate the hydrodynamic parameters of aquifers regarding to its condition. Both PF
and MLPG-MK method are powerful and accurate in their field. Linking these two models
makes the outputs more reliable without uncertainty. The MLPG-MK groundwater simulation
model, which is based on the moving kriging, is used as an effective and accurate method to
model groundwater flow. The MLPG-MK method is a truly meshless method that significantly
reduces all the disadvantages caused by the domain meshing and re-meshing. It is worth noting
that this meshing is the most important shortcoming of the grid-dependent numerical methods
such as FEM and FDM, which cause an error in the results. Another advantage of this method is
that it does not need the background of a cell for numerical integration. Further, it is an easy
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implementation and has better convergence and higher accuracy. In groundwater hydrology,
hydraulic conductivity coefficient, transmissivity coefficient, and specific yield are among the
most important aquifer parameters used for calibration. In this study, the PF-MLPG-MK method
was used to predict aquifer parameters in three standard aquifers that can be considered as real
aquifers. The aquifer parameters estimation was accurate enough such that they differ from the
actual values of these parameters just slightly.
4. Conclusion
In this study, the particle filter method linked to the MLPG-MK approach is firstly used to
estimate aquifer hydrodynamic parameters. The utilized aquifers are standard, which have real
aquifer conditions and selected from previous studies. The particle filter model, which is a
powerful method to estimate the dynamic models' parameters, is added to the groundwater
simulation model and estimates the aquifer parameters regardless of aquifer conditions and
complexity. These parameters for the first, second and third aquifers are hydraulic conductivity
coefficient, specific yield and transmissivity coefficient, and storage coefficient respectively.
The aquifers were arranged from a simple condition to complex one such that the third aquifer
had all the conditions of a real aquifer, including rainfall, injection well, and heterogeneous and
anisotropic properties. Finally, the results of the PF-MLPG-MK model show an accurate
estimation of the model. For the first standard aquifer, since the true value of hydraulic
conductivity and specific yield coefficients are 30 and 0.15, the predicted values are 30.21 and
0.143. In the next aquifer, transmissivity and storage coefficients are equal to 99.7038 and
0.001057 whilst their real values are 100 and 0.001, respectively. In the third standard aquifer,
the estimation for the parameters also shows the same accuracy.
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