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Abstract

Evaluation of Solid-Fluid interaction is of high significance in all engineering fields. In this
paper, the Smoothed Particle Hydrodynamics (SPH) and the Discrete Element Method (DEM)
were employed to simulate fluids and solids, respectively. As for the simulation of water behavior,
first, a single-phase “dam break” experiment is modeled by the SPH. In this model, variable
smoothing length and an almost novel boundary method were utilized which resulted in a
tremendous boost in its resemblance to the experiment. To couple these methods (SPH and DEM),
three approaches were proposed and validated against a famous experimental test named “dam
break with an elastic gate test”. Finally, to be sure of the correctness of these approaches, an elastic
plate under a water column in the hydrostatic condition was simulated and the error was 2 percent
in comparison with the analytical solution. In pursuit of having short run-times, parallel computing
on GPU (CUDA) was employed, and a robust nearest neighbor search (NNS) algorithm was
modified and developed.
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1. Introduction
Understanding the nature of fluids and solids interactions is of high importance in almost all
engineering fields. Thus, no matter how advanced the methods and measuring instruments are (or
perhaps we think they are), there is still more room for improvement. These interactions are the
case of interest in many subjects, such as trapping gas in rocks [1], blasting [2], water accumulation
behind dams [3], flood [4], undrained tests [5] and blood flow in veins [6] to name but a few.
Over the past few decades, with the development of novel numerical techniques like Finite
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Volume Particle Method (FVPM), Material Point Method [7], Multi Scale Finite Volume [8, 9],
Hybrid Finite Element [10, 11] and many others, CFD technique has been widely adopted in a
variety of engineering applications involving the fields of hydrodynamics and ocean engineering
[7]. Generally, classical grid-based methods, such as the finite difference method (FDM) and finite
element method (FEM), require expensive re-meshing algorithms or dynamic overlapping grids
to avoid severe mesh distortions and associated errors. Recently, meshfree and particle methods
have been applied in viscous incompressible flows with large deformation and free surface [7]. In
order to model fluid and solid interactions, usually different methods are coupled together or one
method integrates dissimilar forms of phase behavior. Here, the SPH and DEM are utilized to
simulate water (as fluid) and structure (as solid), respectively. The highest purpose of performing
numerical analyses is to replicate real-world experiments and problems, accordingly, many efforts
have been being made. Some of the experiments and related simulations are listed in Table 1.
From all of the mentioned experiments, only the dam break with an elastic gate and rapid flow
scour tests are useful to monitor the solid-solid interactions; in other words, for the rest cases,
solids can simply be treated as a boundary condition and the solid phase interactions (distribution
of forces and movements in the solid) be ignored. Consequently, for coupled numerical analysis,
it is more practical to consider an empirical scenario that considers not only fluid and fluid-solid
interactions, but also solids nature.

Table 1. some experiments, alongside the methods verified by them

Experiments Methods
Wedge entry SPH-SPH [12,13],
test SPH-DEM [14,15]
entrcglllgiirit SPH-SPH [13], Constrained
y Interpolation Profile (CIP) [16]
tests
Landslide SPH-ISPH and SPH-DEM
generated surge
[17]
waves test
Rapid flow SPH-SPH and SPH-DEM
scour
. [14]
experiment
SPH-SPH [18,19], SPH-
_Dam break SPIM (Smoothed Point
with an elastic -
Interpolation Method) [20],
gate test

SPH-DEM [17,3]

Discrete Element Method was introduced by Cundall for soil mechanics problems which later
also aimed at rock mechanics problems [21, 22]. As a general rule discontinuum happens when
some breakages happen in the continuum, therefore, a numerical method which is developed for
discontinuous problems, must first be capable of solving continuous ones. Besides, there is a
hidden advantage in using such methods in continuum computations, which is the procedure of
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calibration becomes much simpler by omitting strength parameters. Considering this, in an effort,
dynamic analysis of mountain movement was modeled in both PFC3D (DEM) and FLAC3D
(FDM) [23], and in numerous attempts cantilever beams under point loads at their tips were
modeled and compared with the analytical solution [3, 14, 24-27]. Generally, the DEM has three
major shortcomings - excluding common limitations of the mesh-free methods: 1) constitutive
laws are only applied at contacts. 2) results are highly influenced by damping forces 3) all
parameters need to scale down to micromechanics level and to be calibrated.

The Smoothed Particle Hydrodynamics (SPH) was first introduced by Gingold and Monaghan
[28] and L. B. Lucy [29] for solving astrophysics problems, and since then, the method is being
used and undergone development, both in the formulation and boundary condition. In the
following context, some of them which are the background knowledge of this research are referred.
Campbell noticed the deficiency of kernel approximation in presence of boundary condition and
stated the necessity of boundary treatment [30]. Monaghan used artificial viscosity in simulation
of shock waves [31], employed the equation of state for hydrodynamics simulations, and used
Lennard-Jones form as a penalty method to repulse fluid points from boundary [32]. Morris
proposed another artificial viscosity formulation for low Reynolds number phenomenon [33]. In
order to mitigate the SPH points' clustering, Monaghan added a term to the momentum equation
to remedy tensile instability [34]. Crespo explained the basics and properties of dynamic boundary
condition approach in which all boundary points' properties remain stationary exempt density and
pressure which participate in continuity and state equations respectively [35]. Adami introduced
ghost particle methods in which first boundary points' pressure is computed via interpolation, then
density is calculated via the reverse of the state equation [36]. In general, the dynamic boundary
approach is more stable and accurate than the ghost particles method [37]. Wu [3] employed a
stationary boundary condition. Chiron introduced a new semi-analytical boundary method using
wall treatment which has a precision close to ghost particles [38].

To couple the DEM and SPH, two general approaches exist [3]. In the first approach (which is
based on the premise that each DEM particle is a completely separate object) the fluid and drag
forces are calculated on DEM particles, then the sums of these forces are interpolated and used as
reaction forces for SPH points [39-41]. In the second approach, the interactions are calculated
employing the same formula used for fluid-fluid interaction with presumptive values for DEM
particles' pressure and density [3, 18].

Regarding the single-phase SPH simulations, the method Wu [3] used for the boundary
condition has not been tested in terms of reproducibility by other researchers. Also, they claimed
that increasing smoothing lengths would benefit the results and proposed using dynamic
smoothing length in future studies, whereas Jonsson [42] asserted that employing dynamic
smoothing length had no significant effect on their results. Concerning two-phase SPH-DEM
simulations, different coupling methods, have never been tested against one another.

The SPH and DEM (which are mesh-less methods) albeit their great capability in simulation
of various problems, are not considered to be the primary choice for engineers, ascribable to their
heavy computational costs. In these methods, each element's properties are calculated by
considering how it is affected by any other element. As it is discussed later, these calculations can
be reduced if only interactions within the domain of each DEM particle or SPH point are
computed. There are mainly three ways for fulfilling this aim, using k-d tree, quad tree, or grid
method algorithms. Here, the latter was used. Another approach to reduce run-times is to employ
parallel computation. Nowadays NVIDIA Graphic Card Units (GPUSs) are trending for parallel
programming, best accessible and usable by the CUDA framework. On the contrary, one must
bear in mind that parallel programming without precautions and proper changes in conventional
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serial algorithms may result in longer run-times. Hence, in the current study, an optimized object-
oriented algorithm is developed.

In the following, the DEM and SPH and their formulations are explored. How to use object-
oriented parallel programming to better adapt the grid method explained. After that, for the
purpose of validation, numerical tests such as beam deflection, dam break, dam break with an
elastic gate (with three different approaches for coupling the SPH and DEM), and hydrostatic
water column on an elastic plate are simulated and effects of variable smoothing length in the SPH
and boundary conditions in the SPH and DEM is scrutinized.

2. Discrete element method

The role of the Discrete Element Method (DEM) in modeling solids is undeniable. The method
is capable of modeling solids with the possibility of dispersions, detachments, and fractures. In
this method, each one of the particles can be connected to one another through sets of springs if
they are in each other’s domain. In normal linear spring models, these springs only act if these
particles are overlapping and otherwise no force would be produced, on the other hand, there are
bonding models which concern the attachment and fracture of materials. Such models consider
the gap between particles for tensile force calculations. With regard to the problems unrelated to
the bonded particles it is advised to use Hertz-Mindlin model instead of the linear spring model
[43].

Almost all DEM bonding methods are based on the contact and parallel bond models (for more
information about the contact bond, interested readers can refer to reference [26]). The parallel
bond model can be used alongside either the liner spring model or the contact bond model.
Nevertheless, the first option is used more frequently, as it is employed here.

The total force applied to each particle in the DEM is:

Ftotal — y pCF + FP + F4 + Y Fext (1)

where Ftotal jsthe total force, F¢F is the contact force, F? is the body force, F® is the damping
force and ZFe*t is the sum of external forces (in association with the fluids, magnetic fields,
applied loads, etc). In the DEM, the external and contact forces cause changes in linear and angular
momentum of the DEM particles. This section is further continued to show how the contact,
momentum, and damping forces are calculated and what is the basis of the parallel bond.

2.1. Linear spring model

The linear spring model consists of two types of springs; one lies on contact plane and the other
one is in the direction of normal to contact plane. Therefore, the equations to calculate normal (n;) and
shear (t;) vectors of each contact plane are (in 2D):

xlB — 4l (2)

d
ti = (—nz,ny) 3)

n; =

where superscripts B and A denote the circular particles that are in contact, x; is the reference
coordinates, and d is the distance which can simply be calculated as:
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B A B A B A (4)
d =[xl —xM) =\/(xi[ R D [CIr )

For simplicity in this paper, we focus on an arbitrary particle A to explore the equations, and
particle B resembles every arbitrary particle which is in contact with the particle A. Thus, every
calculations must be repeated for each particle B that are in contact with the particle A.

The size of the overlap between the two particles is:

U" = d — RIAl — RIB] %)

The normal spring model is only valid until U™ is negative (when the overlap is positive, no
contact exists between the pair of particles, thus no force is transmitted).

In the DEM, particles are slightly overlapped to create bonds between them. If the direct
approach to determine the overlap (equation 5) is used to compute the DEM forces, the initial
forces in the simulation would be nonzero. Accordingly, using the direct approach to calculate the
overlaps is impractical. Consequently, computing the overlap incrementally through the relative
velocity is a better approach:

AU™ = (5,181 — x4 hyn At (6)

In this equation, AU™ is the incremental overlap, At is the elapsed time of each calculation
cycle and x; is the velocity. Note that, the value of shear displacement cannot be captured directly
like equation 5 for the normal overlap, and can only be achieved incrementally using:

AUS = VSAt (7
where V* is the relative shear velocity and is computed by:

un un g

where w5 denotes the rotational velocity in z-direction.

Subsequent to the calculation of relative normal and shear displacements at the contact point,
the contact forces can be updated using the normal and shear spring constants (k™, k*) using the
following equations:

AF™ = kAT ©)
AFS = kSAUS (10)
F™  F™ 4 AF™ (11)
FS « FS — AFS (12)
F® = min(F*, uF™) (13)
FiLSMCF[A,B] — FSt, — F'n, (14)
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FiCF[A] - FiCF[A] _ FiLSMCF[A,B] (15)

where « denotes the assignment of its right-hand side value to its left-hand side variable, F™ is

the normal force, F* is the shear force, Fl.LSMCF [45] s the linear spring model’s force in the

direction from particle A to particle B, and u is the friction coefficient. It is also worth pointing
out that equation 13 is used to enforce the slip condition.

Obviously, only shear force is responsible for producing angular momentum; Therefore, the
moment caused by this contact force is:

un 16
R e N 10

where MgA] is the total moment of particle A. One should bear in mind that in equation 16, the
moment vector is reduced to M5 since here two-dimensional analyses are carried out.

2.2.Parallel Bond

In this perception of the bonded particles, each pair is connected to a beam-like element with
the cross section area of A and moment of inertia of I, called cement. On this account, the cement
elements are capable of transmitting and tolerating both axial forces and moments until a
maximum value is reached. The model is defined by five bonding parameters: the normal stiffness
k™, the shear stiffness k*, the normal strength &, the shear strength 7. and the bond radius R. The
bond radius is the radius of the cement and is equal to the mean or equivalent radius of two bonded

. .. — RIAI4+RI(B] — RIAIRI[B] — —
particles multiplied by a constant (R = « R = a————). The forces F and M caused by
the presence of a parallel bond are expressed incrementally by:

2 RIAl+R[B]

F=Ft—F'n 17)
M = M3 &« M3 - EnIA93 (18)

where A@5 is the increment of rotation around the third axis (Af5 = (wgB I ng])At). F™ And
FS are computed through:

F" « FM 4 k" AAU™ (19)
FS « FS — kSAAUS (20)

Now that the parallel bond’s momentum and forces are calculated, they must be evaluated
against the bond’s normal and shear strength. These criteria are expressed by:

F" I1\713|1?<_ (21)
—+——<7

A I ¢

|F|  _ (22)
T <%
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While these criteria are met, the bond between each bonded particle remains intact but as soon
as violated the bond would disappear and the contact behavior would only be that of the linear
spring model. Subsequently, if the bond is not broken, the forces and moments are added to the
corresponding total values:

FiCF[A] - P;CF[A] _F, (23)

_ un. 24
M M — FsRIAT 4 —) = M 24

bonded

Figure 1. Bonded and unbonded contact laws of parallel bond model (adapted from reference

[27]).

2.3.Damping

Since the DEM basically consists of a system of springs, it is safe to assume all interactions
happen in the domain of elasticity unless some damping is introduced. The fact of the matter is
that damping causes energy loss by reducing the total (unbalanced) forces, which consequently,
leads to stability in the final stages of DEM simulations. Without damping, stability is not
achievable, and as a result, the conclusions are occasionally profitable. There are different methods
for introducing damping to a system such as the mass, viscous and local damping. The former is
no longer used, since it leads to additional body forces, has a parameter related to the stiffness
matrix, and all particles experiment the same damping [44]. The viscous damping is suitable for
simulations involving free fall or impact between particles. This method is absolutely weak to
make a simulation reach its final steady state. The other pitfall of this method is that viscous
damping is not accustomed to the cement part of the parallel bond and only effects the linear spring
model. In usual cases, parallel bond springs are much bigger in magnitude than those of linear
model, thus the effect of this method of damping in the presence of parallel bond is unnoticeable.
Currently, the last resort is to use the local damping. The local damping is generally not a good
choice for problems engaging impacts, but is usable with a correct damping factor. For each
particle, this form of damping is calculated via:
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Fft = —alF|sign(v)) (25)

where « is the local damping constant, FY is the unbalanced force (the total force before
computing the damping) and sign() is a function that returns the signature of an input variable
(positive = +1, zero = 0, negative = -1). Regularly, the constant is taken to be 0.7, yet in dynamic
solutions, 0.157 is used, which corresponds to 5 percent of critical damping of a structure.

3. Smoothed Particle Hydrodynamics

The smoothed Particle Hydrodynamics (SPH), although capable of simulating all phases, is
frequently employed to mimic fluid behavior. In this paper, likewise, this method is utilized to
simulate water. In SPH, each point is an indicator of its surrounding properties, in a way that the
closer we get to the center of a point on its domain, the more amplified the effect of its surrounding
properties become. Considering an arbitrary point with its position vector x within its domain Q,
the general formulation of the SPH stems from the following equation:

f(x) = fﬂ f(X)8(x — %) dQ (26)

where § denotes the Dirac delta function, x is the position vector of every point in the domain
of x and f is the property function. Having & replaced by a smoothing function (W) and
discretizing Q, the basic form of the SPH is:

n [B] 27
POty = > FGeh WGl — 281, ) S 0
B=1

where n is the total number of points in the domain, h is the smoothing length, m is the mass,
and p is the density. In most researches, usually, Spline and Wendland smoothing function
(kernels) are used. Here based on the recommendation [3], Wendland kernel is employed which
has the following formulation (for two-dimensional):

7
41th?

(28)

(1—%)4(2q+1) 0<g<2
W(q) =
0 q>2

where q is d/h in which d is the distance. On many occasions, an approximation of divergence

(for vector functions) and gradient (for scalar functions) of a certain property function is needed,
which were derived from different perspectives based on the need and knowledge of SPH
developers. Here, to apply divergence and gradient, the following equations are used, respectively.

" Bl (29)
V.f() = - Z Z‘[B] (f (el = f Py VW (a4l — P, )
B=1
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. - (30)
) 1),

Vil = —pl4l Z mlBl(

It is worth mentioning that equation 30 is also used for taking the divergence of a tensor.

Fundamental governing equations of fluid dynamics are the conservation of mass, momentum
and energy which are the three basic physical laws of conservation. Usually, the third one is used
when the change in energy is of high importance to a simulation's result (like shock problems),
accordingly here is omitted.

3.1.Continuity equation
Based on the conservation of mass, the continuity equation is derived:

Dp (31)
D~ pV.v

where p is the den5|ty, |s the material time derivative, V. is the divergence, and v is the

velocity.

The continuity equation states that the rate of the mass imported to the system minus the rate
of the mass exported from it, is equal to the accumulation of mass in that system.

One of the most significant approximations in SPH is the approximation of p, regarding its role
in almost all SPH equations. Therefore, any miscalculation of p can result in an almost futile effort
in the calculations of other approximations. On account of disproportionate densities in multi-
phase simulations, an approximation like the below equation is needed, which has the benefit of
using volume instead of density [36].

Dolal (32)
p_ ~ pl4] Z (,,[A] — wlBy. yw (4] — x[B], p)

This equation is derived from substituting 29 in 31.

3.2.Momentum Equation
The equation of momentum is derived based on the equivalency of forces acting on an
infinitesimal box in every local axial direction. This equation is expressed as:

Dv; 10 107;
A Ly
Dt pox; p Ox;

(33)

where p is the pressure, 7;; is the viscosity stress tensor, and F; is the body force per mass. It

is obvious that this equation consists of three terms, the gradient of pressure, divergence of
viscosity stress tensor, and body force. The interpretation of the first term by the SPH is:

1 ap\ 4] [A] [8] (34)
(“_p) = Z gl D rs) VW (x4l — xlE), )
=1

p 0x; (p[“])2 (pB1)?2
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which is achieved by substituting equation 30 in pressure gradient term of equation 33.

As there is no way of knowing the pressure based on the continuity and momentum equations,
a concept known as “the artificial compressibility” is used, inspired by the existence of the well-
known direct correlation between density and pressure in fluids. One of the equations, founded on
this concept is the “Tait equation™:

. 100poVhax ((p )V B 1) (35)

14 Po

where p, is the reference density (for water p, = 1000kg/m?3), v,,4, is the maximum possible
velocity in an environment, and y is a constant usually taken to be seven [32, 45].

For computing the divergence of the viscosity tensor, generally, two approaches exist [45]:
One) At first strain is calculated for each point, then, knowing that T = ue (where u is the dynamic
viscosity and € is the strain) and substituting equation 30, the divergence of t is figured out. Two)
using a concept called artificial viscosity. Artificial viscosity used to be utilized only for inviscid
dissipations (damping) in simulations, especially suitable for shock problems. Later this concept
was further developed to involve the viscous dissipation even for low Reynolds numbers [33]. In
this paper, the second approach was preferred considering its relatively higher run-time speed, and
the below equation is used.

A\ [4] _ xI[B] [4] _ x[B] 36
10ty\ ™ _ > i) (] 4 1) (9141 — 18] 7 - X)W —x L h) (30)
p 0x; plAlplBI(|x[A] — x[B1|2 + 0.01h2)

B=1

The term 0.01A2 in equation 36 is only added to avoid singularity. Finally, the body force term,
for common simulations, is equal to the standard gravity.

3.3.Corrections

Since we are dealing with a numerical method that involves probabilities and uncertainties,
some corrections are needed to mitigate unnatural results. As mentioned before, the kernels are
functions of distance and smoothing length, therefore, the smoothing length must be selected
carefully. It is proposed to be chosen in a way that each point would have 20 other points in its
influential domain for a two-dimensional analysis [45] (for Wendland kernel, radius of the
influential domain is 2h). A wiser decision is to make the smoothing length dynamically
changeable during a simulation based on the variation of the density in an elapsed time step:

Dh 1 hDp (37)
Dt ngpDt

where n, denotes the dimension number (here is 2). When the density of a point rises, it’s
smoothing length and influential domain decreases. Using equation 37 begs for special care; since
each point has its own variable smoothing length, using kernel function for an interaction — twice
— with two different smoothing lengths would violate the conservation rules. To clarify, in an
extreme case, a point with a big h, acknowledges the presence of a point with a small h in its
domain and involves it in its calculation but not reciprocally. To resolve this issue a mean
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nl4 1+h

smoothing length must be considered (h = ) [45].

Another issue in the SPH simulations (called tensile instability) is that wherever the pressure
is negative, the probability of points to clump together is strong. One way to avoid it, is by
introducing an additional force term to equation 34 [34]:

1dp (4] 1dp (4] (38)
(55m) (—;a)
|p 1\ (W (4] — xIB], b 4
[4]
+ Z 100 ( o W (AP, h) v (x
51, h)

where AP is the points’ initial spacing (resolution). Intending to diminish incoordination in
movements of SPH points and bringing some uniformity into the shape of fluids, a term called
XSPH correction is added to time integration methods (in this study, for both SPH and DEM,
leapfrog time integration [45] is used). This term is [31]:

drl4l ", B (39)
=yl —¢ Z m(v[f‘] — vlB). v (xl4] — xIB] h)

B=1

where pl4E] is the mean density value of point A and B, and € is a number between 0 and 1,
selected in relation to a simulation’s conditions. Throughout the literature of the SPH there are
many other corrections for different simulation problems, based on the results; the corrections
explained in this section, seems to suffice here.

3.4.Boundary Condition

One of the most significant parts of each simulation, to be considered in advance is boundary
conditions. Unfortunately, the SPH is notorious for handling such conditions in numerical ways
(not from the scientific point of view). Currently, the closest step to scientifically treat boundary
condition is the wall boundary method [38]. Bear in mind that equations 29 and 30 are applicable
when the kernel is not truncated; Otherwise, treatments are needed [30, 38]. Essentially, when a
point approaches a boundary, owing to lack of presence of the SPH points on the boundary side,
no approximation of its surrounding would hold true. There are two methods to treat this problem.
The first one is by bringing back the additional part of divergence or gradient formula, which was
omitted based on the fact that the kernel smoothly reaches zero on its domain's boundary.
Therefore, since the kernel in this condition doesn't reach zero, this omitted term must be
considered. The second method is two fill the boundary with enough points to mitigate the
problem.

On the ground that in the current research, the focus is on the point-particle interaction, the
wall boundary method was not used. Instead, the stationary boundary condition method explained
in section 5 is employed for the immobile SPH boundary points

4. GPU implementation

Conventional serial processing is the primary choice for many programmers due to its
simplicity and existence of a vast number of methods, algorithms and guidelines that make this
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sort of programming more manageable. On the other hand, users of such programs have to spend
a devastating time before completing each task just for the sake of the programmers' convenience.
This trade-off becomes unjust in numerical analyses especially for those developed based on the
mesh-less technique. To balance it, programmers should adapt parallel programming techniques.

Currently, the best way of employing the power of parallel programming is offered by
NVIDIA, which has been extending the capability and accessibility of their GPUs to be a handy
tool for this purpose. These GPUs are accessible (programmable) via CUDA (Compute Unified
Device Architecture) SDK (Software development kit) which is powered by the LLVM compiler.
CUDA is constantly developed to support modern features of NVIDIA GPUs; however, object-
oriented programming introduced in CUDA SDK version 3.0, still isn't properly adapted by
programmers.

For this research, an object-oriented GPU based program called APAM (A Particle/Point-based
Analyzer and Modeler) was developed. In this version of APAM (ver 1.3) the input data can be
produced by any program as long as it is formatted (or reformatted) according to the custom format
explained in its help documentation. After simulations are done the results of selected time-steps
are exported to a series of CSV files, formatted to be used in post-processing software (here,
ParaView is used). Other than the mentioned toolKkits, the software is self-contained and does not
include any additional libraries. Currently, we do not have a plan for the software distribution.
When the time comes, it will be under the MIT license.

As explained in section 2, an interaction only exists if there is a connection or overlap between
each pair of particles. In the same way (refer to section 3), the presence of a SPH point only affects
the points that reside in its vicinity. It is not wise to test these criteria for every point or particle to
see whether an interaction exists or not; instead, only neighbors should be scrutinized. To identify
neighbors a nearest neighbor search algorithm must be adapted. Here, the method explained in
reference [46] is altered and used.

X3 X4
6 7 8 6 7 8

X
3 4 5 3 L4 5 X2
0 2 0 | 2

Figure 3. Boundary of each point or particle.
Figure 2. Partitioned space by cells. Numbers For convenience in demonstration, colors are
indicate cells’ ID. used for particles’ or points’ IDs, instead of

numbers.

In this variation, first, an expected space is discretized into a series of cells. As an instance,
Figure 2 shows a space divided into nine cells. Each cell contains properties of ID, an array of
points' or particles' IDs, an array of connectors (which is discussed later), and numerators to save
the position of the last input data to each mentioned arrays. Also, each particle or point, besides
its properties (like mass, density, etc.), has an ID, an array of cells' IDs, and numerators with the
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same application explained for a cell numerator.
Then, in each cycle of calculation the following procedure would be carried out:

1) Having the center and radius or influence radius for each particle or point, a square boundary
can be calculated as it is shown in Figure 3. Only top right (x,) and bottom left (x;) points need
to be computed and saved for each object.

2) In this step, each cell is allocated to the particles or points. To do so, knowing the bottom
left and top right boundary coordinates for a particle or point (from the previous step), all the IDs
of the cells that contain the space between these two coordinates are added to the particle's or
point's array of cells' IDs. For further explanation, consider a space as depicted in Figure 4. After
this step is done, the array of cells' IDs for each particle or point would be:

Red ={0,1,3,4} Blue=4{1,2,4,5} Green = {7}

Notice that the data are stored in ascending order and no sorting algorithm is required.

3) Now the reverse of step 2 must be done. To put it another way, each particle or point is
allocated to the cells. For the scenario depicted in Figure 4, the arrays of particles or points for
each cell are:

Cell0 = {Red} Celll ={Red, Blue} Cell2 = {Blue}

Cell3 = {Red} Cell4 ={Red, Blue} Cell5 = {Blue}

Cell6 = {} Cell7 = {Green} Cell8 = {}

6 7 I

0 | 2

Figure 4. An example of points or particles positioned in space

Although for serialized programming, the mentioned allocations in the steps two and three can
be done in one step, in parallel programming, doing so results in race condition. To avoid race
condition, one must use atomic functions or redesign the algorithm. For this reason, in step three,
there is a big sequential loop for all points and particles, wherein, for each of them a kernel
(parallelly) would run that assigns the object to the related cells. Exempting the loop part of this
step, all algorithms in APAM are run in parallel.

4) In this step, we create connectors. The connectors involve properties and methods based on
how the relations for two particles or points or a pair of a particle and a point is defined, if they
are connected. In order to create a connector, first, we scour each cell for the particles and points
listed in its array. As an instance, look at Figure 4. In cell0 only one red object exists, thus no
connection is possible, the same goes for Cell2, Cell3, Cell5, and Cell7, also for Cell6 and Cell8
which are empty. In Celll and Cell4, two objects (Red and Blue) exist simultaneously, and
consequently, one of them must be selected valid for the creation of a connector, otherwise the
presence of the multiple connectors for one pair, multiplies the result of the calculations.

Next, in order to select a valid cell, we go through the array of cells' IDs for each pair of objects.
If the minimum of cells' IDs matches the current cell, this cell is selected as valid. For the
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mentioned case, presume Celll is selected, and we want to check blue and red objects for
connection. Then going through cells' IDs for these two, we find the minimum ID is 1. Therefore,
Celll is selected valid. Clearly, this procedure doesn't validate Cell4 when it is selected. If a cell
is valid for a pair and if they meet the connection criteria (overlap in the DEM or influence domain
in the SPH), a connector is created.

5. Coupling SPH and DEM

Since DEM nparticles are representatives of solids, they can be treated as the boundary for the
SPH points. There are numerous methods that treat boundary conditions by placing fixed SPH
points on the boundary. These methods can be further developed into a context where SPH
boundary points are replaced by DEM particles.

In this study, the stationary boundary condition method was used in all the simulations for
immobile walls, and for movable boundary condition, all the methods expressed in the following
(including the stationary boundary condition).

1) Stationary Boundary condition:

In this method, all the SPH boundary points’ properties remain stationary throughout the
simulations. When a non-boundary point approaches these boundary points, only equations 32, 34 and
36 is calculated for these interactions and the results only affects non-boundary points.

2) Pressure gradient:

Taking the pressure term in equation 33 into consideration and approximate it by the SPH
method, the following term is achieved:

[Flp 8] (40)
mtim
FIF.S] = —WP[F]VW(x[F] — xI51 )

pvp

where FLF:S1 s the force applied to fluid from a solid particle. The force applied from the fluid
to the solid is the same in magnitude but in reverse direction.

3) Pressure approximation: Simply, by substituting pressure into equation 27, the SPH
approximation of pressure for each DEM particle is:

mlF] (41)

n
512N pIFl yreadST — 17y
p z P W () — 1P, 1)~

F=1

Now, having the DEM particles’ pressure calculated, their density is estimated via the reverse
of equation 35. The force between the SPH points and DEM particles is achieved by employing
equation 34.

6. Numerical tests
In this section, the reliability of APAM code is tested and the expressed methods are validated
by a few examples.

6.1.Beam deflection

To validate a DEM code, typically, a beam under a single load is simulated. Since it requires a
minimum amount of calculations, the results are relatively fast to achieve. Here, to verify APAM,
almost the same example that Itasca uses for validation of DEM is used [27]. Deflection of a
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cylindrical beam with a radius of 8 in, length of 200 in, shear modulus of 3759.4 kips/in? and
elastic modulus of 10000 kips/in?, under 1 kips load is -0.082893 in. To model this example
using the parallel bond, 11 particles with a radius of 10 in and the parameters listed in Table 2
were used. Bear in mind that in this test, particles’ shape is considered to be spherical (instead of
cylindrical) in both PFC2D and APAM.

Table 2. Beam deflection parameters for parallel bond validation

Parameter Value Parameter Value
k™ = k° 2.0106 x 10° % p 0
i 500 P R 4in
in3
ks 188 KPS At 3.154'5
in3
012
01
0.02

Cycle (humber10?)

Figure 5. Plot of convergence study for the beam deflection

After 19800 cycles, 0.082948 in was reported from APAM (see Figure 5) for the beam’s
deflection, which is within the error of 0.1 percent.

6.2.Dam break

This experiment simply consisted of a water column enclosed in a tank by its walls and a
barrier. Then, the barrier was instantly removed, and photos of water collapse and flow were taken
in time intervals of 0.2s. To verify the SPH code, this simulation was carried out with the following
properties and parameters, which is similar to what reported in [3].

Table 3. Dam break parameters for SPH validation

Parameter Value
Boundary points’ spacing 0.0025 m
Fluid points’ spacing 0.005m
Initial smoothing length 0.00625 m
Water’s density 1000 Kg/m3
Water’s viscosity 8.9 * 10 Pa.s
Time steps’ interval 4*10%s
Number of time steps 250000
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The differences between this study and paper [3] are that here, the anti-clump term is not
applied in fluid-boundary interactions (only used in fluid-fluid interactions), moreover, here, we
utilized dynamic smoothing length. As can be seen in Table 4, these differences led to a boost in
the results. Until 0.6s, a close resemblance exists between the two studies and the experiment.
After that, especially in the presentations of the tunnel wave at 0.8s and the turbulence and voids
at 1.0s, this study has an edge.

6.3.Dam break with an elastic gate

In this experiment, the procedure is similar to what is elucidated in section 6.2; the difference
is that between the barrier and the water a rubber gate (fixed at its top) was installed and when the
barrier was removed, the movement of water level behind the gate and displacement of the gate’s
bottom end was monitored against a graph paper. Parameters used to simulate this experiment are
listed in Table 5.

Table 4. Dam break simulation and comparison for the SPH validation

Time C-Lfrent Wirk SPH [3] Experiment [3]
0.2s

04s _ )

065 o

08s
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1.0s

Table 5. Parameters and values used in the dam break with an elastic gate test

Parameter Value
Boundary points’ spacing 0.00125 m
Fluid points’ spacing 0.00175 m
Initial smoothing length 0.0021875 m
Water’s density 1000 Kg/m?
Water’s viscosity 8.9 * 10* Pa.s
Elasticity of the gate 10-12 MPa
Poisson’s ratio of the gate 0.33-04
Diameter of DEM particles 0.00125 m
Time steps’ interval 4*10%s
Number of time steps 100000

Before modeling this experiment, the gate itself was modeled several times as a cantilever beam
with the aim of calibration. Parallel bond parameters can be calculated via:

n E s = G (42)
RIAl + RIBY’ RIAl + RIB]

0 E(2R) s G(2R) (43)
" RIA] 4 RIBY " RIA] 4 RIBI]

where G is the shear modulus and R is the parallel bond radius. There are two procedures for
calibration, the first one is to reduce the bond radius, and the second one is to change E and G until
a reasonable error, is reached. For simulations in this section, the former is used and the latter is
explained and employed in section 6.4.

To simulate this experiment correctly, several methods were used and a few attempts were
carried out. The detailed explanation of the SPH-DEM coupling methods, employed in the
following, was given in section 5.

6.3.1. Stationary boundary condition

In the first attempt, the elastic modulus of 12 MPa, Poisson’s ratio of 0.33, and local damping
constant of 0.157 was considered for the rubber gate. Figure 6 shows the results. The horizontal
and vertical displacements of the free end of the beam did not reach the experiment’s peak values,
and after reaching their peaks, decreased with very small slopes.

In the second attempt, the viscosity and XSPH were neglected, moreover, constant damping
was set to 0.0134. The results of this try are depicted in Figure 7. This time, the vertical and
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horizontal displacement of the free end of the beam reached higher peak values, however, their
descending trends, started with a much bigger slope. On the other hand, the achieved water level
shows a close agreement with the experiment. The results are similar to what reported in reference
[47] and close to work of Liu [48].

In the third attempt, likewise all the remaining methods in subsection 6.3, the XSPH and
viscosity are considered, and the elastic modulus of 10 MPa, Poisson’s ratio of 0.4, local damping
constant of 0.157 were set for the rubber gate; another difference is that the DEM particles at the
top end are not fully fixed. As can be seen from Figure 8, the middle particles are fixed and the
side particles are left free.

= Simulation W Experiment e Simulation B Experiment
0.05 0.14
" a g 0.12 S
— 0.04 ] —
E "an £ o1 "ew ™
4 = [ ]
€ 0.03 © u
GE) g 0.08
S 002 g 006
a 2 0.04
0 0.01 o
0.02
0 0
0 50 100 0 50 100
Time (4x1073s) Time (4x1073s)
a) horizontal displacement of the free c) water level just behind the gate
end of the rubber gate
e Simulation ® Experiment e Simulation B Experiment
0.018 ~ 0.14
0.016 s T 0.12
€ 0.014 n € =
= 0.012 - - 0l L
c " c ]
g 0.01 ] g 0.08
g 0.008 S 006
3 0.006 -
a7 @ 0.04
a 0.004 a
0.002 0.02
0 0
0 50 100 0 50 100
Time (4x10-3s) Time (4x1073s)

b) vertical displacement of the free
end of the rubber gate
Figure 6. Plots of the stationary boundary condition method (first attempt)

d) water level 5cm behind the gate
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Figure 7. Plots of the stationary boundary condition method (second attempt)

a) DEM boundary in current and sub-
sequential simulations in subsection
6.3

Figure 8. DEM particles, particles enclosed by the red box are fixed and others are free

a) DEM boundary in previous
attempts
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The reason for considering such DEM boundary condition is based on the premise that in reality
there is no rigid boundary (especially for low elasticity materials like rubber) and by freeing the
side particles, a semi-rigid boundary can be achieved.

e Simulation B Experiment e Simulation B Experiment
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g 0.03 o
g 5
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0 0
0 50 100 0 50 100
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of the rubber gate
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B B
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) P d) water level 5cm behind the gate
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Figure 9. Plots of the stationary boundary condition method (third attempt)
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Figure 10. Plots of the pressure gradient method

d) water level 5cm behind the gate
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Figure 11. Plots of the pressure approximation method
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As can be seen in Figure 9, in this attempt, although the vertical and horizontal displacements
of the free end of the gate have reached their peak values faster than the experiment, their trends
match up well with it. Now that a reasonable result was achieved, other methods were tested with
the same configuration.

6.3.2. Pressure gradient and approximation methods

The results of the pressure gradient and pressure approximation methods are illustrated in
Figures 10 and 11, respectively. In these three figures (Figures 9, 10 and 11), the results are shown
to be very close to one another; nevertheless, the pressure gradient method is the least noisy among
them. In Table 6, the shots of the experiment alongside the results from the pressure gradient
method are presented, where the similarity in the shape of the water behind the gate, with that of
physical test can be vividly observed.

The modifications used in this section are not unknown to the literature. In the work of Wu [3],
the hexagonal packing was done in a manner that caused a semi-rigid boundary condition and in
the study of Tang [14] the rubber beam was considered more porous by reducing the parallel bond
radius.

6.3.3. Elastic plate under a water column in the hydrostatic condition

In this section, analytical solutions for a cantilever beam under a point load, and midpoint
displacement of an elastic plate under a water column in the hydrostatic condition are used for
validation. Vertical displacement of the plate midpoint under such spread loading is [49]:

w = 0.00269 (PwaterH + pplate)eL4 (44)
' D
And
Ee3 45
D—_—° (45)
12(1—v?)

Table 6. Dam break with an elastic gate, the simulation’s pictures are taken from the application
of pressure approximation method

Time Experiment Current Work Time Experiment Current Work

0.0 l : | 004s

0.08s | o 0.12s

SPRING 2021, Vol 7, No 2, JOURNAL OF HYDRAULIC STRUCTURES
Shahid Chamran University of Ahvaz



94 M. Rajab Doost Khoshdel, E. Taheri, A. Fakhimi

B e . E
Y -/
0.32s | ~ 0365 I
4 /

04s |

where H is the water height, e is the plate height, L is the plate length, and v is the Poisson’s
ratio. Here, the pressure gradient method was used to couple the SPH and DEM. Elastic modulus
was calculated from hook’s law in the theory of linear elasticity [50]:

E(1—-v) (45)
TaAEn=2v)

Then, this E was substituted in equations 42 and 43, and the bond radii were equal to the
particles’ radii. Also, the ratio of normal to shear springs (after the calibration procedure) was
selected to be 2 (i.e. ks = 0.5k,, and kS = 0.5k™).

For a cantilever beam with a height of 5mm and length of 7.9375 cm, the tip displacement is
1.6 mm, when the applied force is 1N. To simulate it, first, we discretized this beam as shown in
Figure 12. Then, by applying 1 N load at the center of tip particles and cycling until reaching
equilibrium (Figure 13), tip displacement was achieved as 1.536 mm, which shows 4 percent error.

0.079375m

Figure 12. Discretized beam
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0.002
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0.001
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0.0005
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Time (4x103s)

Figure 13. Tip displacement of a beam with length and height of 7.9375cm and
5mm, respectively, under 1N applied load

0.1575005m

0.07875m

Figure 14. Discretized static tank
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Figure 15. The beam’s midpoint displacement
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Then, we put the same beam with a nearly exact configuration under a hydrostatic water
column. As depicted in Figure 14, the height and width of the water column are 0.1575005 m and
0.07875 m, respectively and the width of the beam is 5 mm. Furthermore, the density was taken
to be 1000 kg/m3 for water and 1100 kg/m3 for the beam, moreover, the Poisson’s ratio of 0.4
and 9.81 m/s? for the gravity was considered.

Analytically, displacement of the plate’s midpoint is 0.0012895 m and numerically, it reached
0.001263 m which is only 2 percent error (Figure 15).

7. Conclusions

In this paper a combined SPH-DEM numerical modelling approach was proposed and validated
for simulation of fluid-structure interaction problems. three methods of coupling the SPH and
DEM (stationary boundary condition, pressure gradient, and pressure approximation), were
explored, and acceptable results were achieved from validation of the code developed in this
research and experiment, in all three of them. However, among these methods, there exists a barely
noticeable difference in the maximum of displacements of the free end of the beam in the dam
break with an elastic gate test and how this maximum is reached. Moreover, it was shown that the
way boundary condition is regarded for the fixed end in the DEM, can be tremendously effective
on the results and here, a semi-rigid boundary condition for the DEM is developed, and it is hoped
to be investigated further to find better ways to simulate it. To model these mesh-less methods, an
enhanced neighbor search algorithm with fewer locks was developed for GPU based computing.
In the SPH single-phase simulation of the dam break experiment, the effect of dynamic smoothing
length and boundary condition was seen so impressive that single-handedly improved the resultant
replication (especially in the simulation of wave tunnel at 0.8s and shape of final turbulence at
1.0s). Finally, the pressure gradient method was tested against two analytical solutions of
cantilever beam and hydrostatic water column on an elastic plate, simultaneously, with the errors
of 4 and 2 percent, respectively.
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