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ABSTRACT 
Investigating and simulating the steady water flow in an unsaturated 

soil column containing oil is one of the most important studies in the 

field of optimizing oil extraction processes. In order to simulate this 

flow, governing equation for this field should be solved. The 

governing equation is strongly nonlinear with limited analytical 

solutions in the literature. In this paper, analytical solutions have been 

developed for the nonlinear equation in different soil properties using 

Adomian Decomposition Method (ADM). A total of three soils with 

different pore size distribution index are considered in this research. 

These pore size distribution indexes are 2, 3 and 4 for cases 1, 2 and 

3, respectively. Results for the presented analytical solutions are 

capillary pressure head verses elevation in the unsaturated soil 

column containing oil. To investigate the accuracy of the derived 

analytical solutions, capillary pressure head values are obtained from 

a numerical solution and compared with the presented analytical 

solution values for all cases. An excellent agreement is observed 

between analytical and numerical results for three cases. These 

analytical solutions can be used as a benchmark for verification and 

efficiency assessment of numerical methods. 
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1. Introduction  
Water injection is one of the important methods for increasing 

oil extraction from underground reservoirs. In this method, the 

water is injected into an underground reservoir to increase the 

internal pressure of the reservoir and collect the oil towards the 

well and the ground surface. Generally, there are two fluid 

phases in underground oil reservoirs for unsaturated soil zone. 

These two fluids are oil as the non-wetting fluid and the water 

as the wetting fluid. Considering this issue, modeling and 

simulating water movement for underground oil reservoirs is 

very important for optimal exploitation of oil reservoirs. 
    In the literature, many researches have been performed to 

investigate two-phase flow in unsaturated soils. These 

researches include numerical methods, analytical solutions and 

experimental studies. Van Duijn et al. [1] analyzed stability of 

steady, vertically upward and downward flow of water in a 

homogeneous layer of soil.  
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In that research, an extension of the 

Richards equation for investigating dynamic 

memory effects were considered. 

Szymkiewicz et al. [2] presented a 

mathematical model for two phase flow in a 

heterogeneous porous medium. They 

investigated this approach with two 

numerical examples concerning oil–water 

and CO2–brine flow, respectively. Du and 

Nydal [3] developed Flow models and 

numerical schemes for single/two-phase 

transient flow in one dimension. They 

presented two numerical schemes in forms 

of non-iterative and iterative for prediction 

of transient problems. Cogswell and 

Szulczewski [4] solved two-phase 

incompressible flow without capillary 

potential for large time steps by introducing 

a macroscopic surface tension and 

employing a convex energy splitting 

scheme. They used new homotopy method 

to increase time step by more than six 

orders. Zhang et al. [5] presented a 

numerical simulation of water distribution 

associated with internal corrosion induced 

by water wetting in upward inclined oil 

pipes. In their research, results of numerical 

simulation were coincided well with 

available experimental results. Ma et al. [6] 

developed Fully coupled hydro-mechanical 

modeling of two-phase flow in deformable 

fractured porous media based on 

combining discontinuous Galerkin (DG) 

and continuous Galerkin (CG) finite 

element methods (FEM). In their research, 

several benchmark cases were used for 

investigating accuracy of proposed method. 

Ghedira et al. [7] developed numerical 

simulation of incompressible two-phase 

flows with phase change process in porous 

media based on OpenFOAM solver. Their 

results validated with various test cases. 

Also, they compared numerical results with 

analytical solutions and other results in 

literature.  

It should be noted that other numerical 

techniques have been proposed for 

investigating two-phase flow in unsaturated 

soils and/or porous media. These techniques 

include volume of fluid method (VOF), 

meshless method, finite volume method 

(FVM), Lattice Boltzmann method (LBM), 

Support vector machine (SVM), 

discontinuous Galerkin method, Green 

element method (GEM) and/or other 

numerical methods [8-20]. A number of 

researchers developed analytical solutions 

for two-phase flow in unsaturated soils 

and/or porous media [21-32].  

In this study, Adomian Decomposition 

Method (ADM) is used to develop 

analytical solutions for steady water flow in 

an unsaturated soil column containing oil. 

Governing equation for this flow is strongly 

nonlinear and therefore, presenting 

analytical solutions for this equation is very 

valuable. A total of three soils with different 

pore size distribution index are considered 

in this research and analytical solutions by 

ADM are presented for these cases. These 

pore size distribution indexes are 2, 3 and 4 

for cases 1, 2 and 3, respectively. Also, a 

comparison of presented analytical 

solutions with a numerical solution is 

performed for all cases.  

 

2. Governing equation 
The governing equation for steady flow of 

two fluid phases in unsaturated soil is 

expressed as [33]: 

 
𝜕𝑝𝑐
𝜕𝑥𝑖

= (
𝑞𝑤𝑖𝜇𝑤
𝑘𝑤

−
𝑞𝑛𝑤𝑖𝜇𝑛𝑤
𝑘𝑛𝑤

) − (𝛥𝜌)𝑔𝑖 (1) 

 

Where 𝑝𝑐 , is the capillary pressure and is 

defined the difference between non-wetting 

pressure and wetting pressure or 𝑝𝑛𝑤 − 𝑝𝑤, 

𝑞 , is the volume flux, 𝜇 , is the dynamic 

viscosity of fluid,  𝑘, is the permeability. In 

Eq. 1 index w is for wetting phase and 

index nw is for non-wetting phase. Also, 

𝛥𝜌 is the difference between densities for 

wetting and non-wetting phases, 𝑔𝑖  is the 

gravity acceleration for 3d and 𝑥𝑖 , is the 

directions in x, y and z. Equation (1) is 

derived with combining flux and continuity 

equations. Also, Darcy's law is used for 

each fluid in soil. Therefore, advection- 

dispersion effects have been seen within the 

https://jhs.scu.ac.ir/
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governing equation. Eq. 1 for flowing single 

wetting phase is written as:  

 
𝜕𝑝𝑐
𝜕𝑥𝑖

= (
𝑞𝑤𝑖𝜇𝑤
𝑘𝑤

) + (𝛥𝜌)𝑔
𝜕ℎ

𝜕𝑥𝑖
 (2) 

 

Where h is equivalent with z direction and g 

is the gravity acceleration for z direction. 

Therefore, 
𝜕ℎ

𝜕𝑥𝑖
 , is equal to 

𝜕𝑧

𝜕𝑥𝑖
, which is 

𝑠𝑖𝑛 𝛽 and 𝑥𝑖 is 
ℎ

𝑠𝑖𝑛 𝛽
 and consequently, Eq. 2 

is expressed as:  

𝑑ℎ𝑐
𝑑ℎ

= 1 −
|𝑞𝑤|𝜇𝑤

(𝛥𝜌)𝑔𝑘𝑤 𝑠𝑖𝑛( 𝛽)
 (3) 

 

Where ℎ𝑐 is the capillary pressure head and 

is equal to 
𝑝𝑐

(𝛥𝜌)𝑔
. 𝑘𝑤 in Eq. 3 is depended on 

𝑝𝑐  and can be substituted with different 

equations in the literature. A schematic 

view of the steady downward flow of a 

wetting fluid (SDFWF) in unsaturated soil 

(Eq. 3) is presented in Fig. 1.  

 

 
Figure 1. A schematic view of the steady downward flow of a wetting fluid (SDFWF) in unsaturated 

soil 

  

In the current study, Brooks-Corey equation 

[33] is used for 𝑘𝑤which is: 

 

( )d
w m

c

P
k k

P

=

 

(4) 

 

Where 𝜂  is 3𝜆 + 2 , and λ is pore size 

distribution index. The typical values of λ 

are 2 to 5 for different soils. It should be 

noted that, 𝜆 → ∞  for a soil with uniform 

pore size. In Eq. 4, 𝑘𝑚 (L2) is the saturated 

permeability and 𝑃𝑑 is displacement 

pressure or critical 𝑃𝑐 value. The 

displacement pressure is 𝑃𝑐  value in 

saturation degree equal to 1.  By 

substituting Eq. 4 to Eq. 3 and 

simplification, Eq. 5 is obtained:   

 
𝑑ℎ𝑐
𝑑ℎ

= 1 − 𝑎(
ℎ𝑐

ℎ𝑑
)𝜂 (5) 

 Where ℎ𝑑 is 
𝑃𝑑

(𝛥𝜌)𝑔
 and a is: 

 

𝑎 =
|𝑞𝑤|𝜇𝑤

(𝛥𝜌)𝑔𝑘𝑚 𝑠𝑖𝑛( 𝛽)
 (6) 

 

Where 𝑎  is dimensionless. To obtain the 

dimensionless form for Eq. 5, ℎ𝑐 and ℎ 

should be divided by ℎ𝑑 . Therefore, the 

dimensionless form for Eq. 5 is obtained as 

follows:  

 
*

*

*
1c

c

dh
ah

dh

= −
 

(7) 

 

Where ℎ𝑐
∗

is 
ℎ𝑐

ℎ𝑑
and ℎ

∗
is 

ℎ

ℎ𝑑
. Eq. 7 is 

governing equation for the SDFWF in the 

dimensionless form. The current study 

presents analytical solutions for Eq. 7 in 

different values of η and a. The Adomian 
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decomposition method (ADM) is used for 

obtaining these analytical solutions. 

 

3. Using the ADM for the SDFWF 

equation  
The Adomian decomposition method 

presents an analytical solution to nonlinear 

ordinary differential equation without any 

simplification, linearization and change in 

governing equation at beginning of solution 

process. However, other analytical and 

semi-analytical methods use a 

simplification and linearization procedure 

and then present the final solution. 

Therefore, ADM provides very realistic and 

very close to reality solutions, which is one 

of the great advantages of this method over 

other analytical and semi-analytical 

methods. A nonlinear ordinary differential 

equation can be expressed in the following 

initial form: 

 

𝐹(𝑦) = 𝑓 (8) 
 

In this equation F, a nonlinear 

differential operator is applied to y and y 

itself is a function of x. Also, f itself can 

generally be a function of x and y. Eq. 8 can 

be written in more details in the form 

below: 

 

𝐿𝑦 + 𝑅𝑦 + 𝑁𝑦 = 𝑓 (9) 

 

In Eq. 9, L is a linear operator applied to 

y, for example, it can be 
𝑑

𝑑𝑥
 or 

𝑑2

𝑑𝑥2
. In fact, L 

is a linear operator as a fraction of F in Eq. 

8, so that L is also invertible, i.e. if L is 
𝑑

𝑑𝑥
, 

it can derive the opposite action, which is 

integral once to x, Or, if L is 
𝑑2

𝑑𝑥2
, or if L is 

an example, it could have twice the 

derivative inverse of the integral of x. In Eq. 

9, R is a linear operator applied to y for the 

remainder of the linear part F. Finally, N in 

Eq. 9 is a nonlinear operator; in other 

words, N contains nonlinear forms F. Now, 

by comparison of Eq. 9 with governing 

equation in this research (Eq. 7) and 

inverting the operator L, which is integral, 

on the sides of Eq. 9 yields:  

 

𝐿−1𝐿ℎ𝑐
∗ = 𝐿−1𝑓 − 𝐿−1𝑅ℎ𝑐

∗ − 𝐿−1𝑁ℎ𝑐
∗
 (10) 

  

Where L is the  
𝑑

𝑑ℎ∗
 and 𝐿−1is the integral 

respect to ℎ
∗
. Since the integral is associated 

with the integral constant and this integral 

constant is the initial condition of the 

problem, by applying the initial condition in 

the problem in Eq. 10, yields: 

 

ℎ𝑐
∗ = ℎ𝑐

∗(0) + 𝐿−1𝑓 − 𝐿−1𝑅ℎ𝑐
∗

− 𝐿−1𝑁ℎ𝑐
∗
 

(11) 

 
Consequently, the final answer for ℎ𝑐

∗
 is: 

 

ℎ𝑐
∗ = ∑

∞

𝑛=0

ℎ𝑐
∗
𝑛
= ℎ𝑐

∗
0
+ ℎ𝑐

∗
1
+ ℎ𝑐

∗
2

+ ℎ𝑐
∗
3
+⋯ 

(12) 

 

The first two terms on the right side of Eq. 

11 are introduced as ℎ𝑐
∗
0

 in Eq. 12. This 

method is used for the nonlinear term  𝑁ℎ𝑐
∗
 

in Eq. 11, as follows: 

 

𝑁ℎ𝑐
∗ = ∑

∞

𝑛=0

𝐴𝑛(ℎ𝑐
∗
0
, ℎ𝑐

∗
1
, … , ℎ𝑐

∗
𝑛)

= 𝐴0 + 𝐴1 + 𝐴2
+⋯ 

(13) 

 

In Eq. 13, the coefficients A0, A1, A2, ... are 

defined as: 
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𝐴0 = 𝑁ℎ𝑐
∗(ℎ𝑐

∗
0) (14a) 

𝐴1 = ℎ𝑐
∗
1 (

𝑑

𝑑ℎ𝑐
∗
0

)𝑁ℎ𝑐
∗(ℎ𝑐

∗
0) (14b) 

𝐴2 = ℎ𝑐
∗
2 (

𝑑

𝑑ℎ𝑐
∗
0

)𝑁ℎ𝑐
∗(ℎ𝑐

∗
0) + (

ℎ𝑐
∗
1

2

2!
)(

𝑑2

𝑑ℎ𝑐
∗
0

2)𝑁ℎ𝑐
∗(ℎ𝑐

∗
0) (14c) 

𝐴3 = ℎ𝑐
∗
3 (

𝑑

𝑑ℎ𝑐
∗
0

)𝑁ℎ𝑐
∗(ℎ𝑐

∗
0) + ℎ𝑐

∗
1
ℎ𝑐
∗
2
(
𝑑2

𝑑ℎ𝑐
∗
0

2)𝑁ℎ𝑐
∗(ℎ𝑐

∗
0) + (

ℎ𝑐
∗
1

3

3!
)(

𝑑3

𝑑ℎ𝑐
∗
0

3)𝑁ℎ𝑐
∗(ℎ𝑐

∗
0) (14d) 

 

And etc. (see Adomian [34]). Now the Eq. 

11 can be written as given by the Eqs. 12 

and 13: 

 

ℎ𝑐
∗ = ∑ ℎ𝑐

∗
𝑛

∞

𝑛=0

= ℎ𝑐
∗
0
− 𝐿−1𝑅∑ ℎ𝑐

∗
𝑛

∞

𝑛=0

− 𝐿−1∑𝐴𝑛

∞

𝑛=0

 

(15) 

 

So, ℎ𝑐
∗
1
,ℎ𝑐
∗
2
, ... can be written as: 

 

ℎ𝑐
∗
1

= −𝐿−1𝑅ℎ𝑐
∗
0
− 𝐿−1𝐴0 

(16a) 

ℎ𝑐
∗
2

= −𝐿−1𝑅ℎ𝑐
∗
1
− 𝐿−1𝐴1 

(16b) 

 

And etc. Now, by comparing Eq. 7 with the 

format written in Eq. 9, the parameters of 

Eq. 9 in this research are: 

 

𝐿 =
𝑑

𝑑ℎ∗
  , 𝑅 = 0  , 𝑓 = 0  , 

𝑁ℎ𝑐
∗ = −(1 − 𝑎ℎ𝑐

∗𝜂) 
(17) 

 

 And the new form of Eq. 11 based on Eq. 7 

is: 

 

ℎ𝑐
∗ = ℎ𝑐

∗(0) + 𝐿−1𝑁ℎ𝑐
∗
 (18) 

 

In Eq. 18, ℎ𝑐
∗(0)  is the capillary pressure 

value at ℎ
∗ = 0. Therefore, the solutions for 

ℎ𝑐
∗
1

, ℎ𝑐
∗
2

, ... are obtained in Eqs. 16a and 

16b with R=0, and finally the value of ℎ𝑐
∗
 in 

Eq. 15 is expressed as: 

 

ℎ𝑐
∗ = ℎ𝑐

∗
0
+ ∫ 𝐴0𝑑𝑥 + ∫ 𝐴1𝑑𝑥

+ ∫ 𝐴2𝑑𝑥 + ∫ 𝐴3𝑑𝑥
+⋯ 

(19) 

 

In Eq. 19, the second, third, fourth and etc. 

terms are ℎ𝑐1
∗

,ℎ𝑐2
∗

,ℎ𝑐3
∗

 and etc., respectively. 

Also, ℎ𝑐
∗
0

 in Eq. 19 is the boundary 

condition value for Eq. 7.  

 

4. ADM solution of SDFWF equation 

for λ=2 and η=8 
In this section, λ is considered equal 2 and 

in accordance with the described process in 

the previous sections, η value is 8. By 

substituting η into Eq. 7, 𝑓(ℎ𝑐
∗
0
) is defined 

as:  

 

𝑓(ℎ𝑐
∗
0
) = (1 − 𝑎ℎ𝑐

∗
0

8
) (20) 

  

According to Eq. 20 and the mentioned 

explanations in Eqs. 15 to 19, the answers 

for ℎ𝑐1
∗

, ℎ𝑐2
∗

, ℎ𝑐3
∗

 and etc. are obtained. 

Considering that the answers are long, only 

the first five terms of ℎ𝑐
∗

in Eq. 19 are 

presented here: 
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ℎ𝑐
∗
1
= (1 − 𝑎ℎ𝑐

∗
0

8
)ℎ∗ (21) 

ℎ𝑐
∗
2
= −4(1 − 𝑎ℎ𝑐

∗
0

8
)𝑎ℎ∗

2
ℎ𝑐
∗
0

7
 (22) 

ℎ𝑐
∗
3
=
32

3
(1 − 𝑎ℎ𝑐

∗
0

8
)ℎ∗

3
𝑎2ℎ𝑐

∗
0

14
−
28

3
(1 − 𝑎ℎ𝑐

∗
0

8
)
2
ℎ
∗3𝑎ℎ𝑐

∗
0

6
 (23) 

ℎ𝑐
∗
4
= −8𝑎ℎ𝑐

∗
0

7
(
8

3
(1 − 𝑎ℎ𝑐

∗
0

8
)ℎ∗

4
𝑎2ℎ𝑐

∗
0

14
−
7

3
(1 − 𝑎ℎ𝑐

∗
0

8
)
2
ℎ
∗4𝑎ℎ𝑐

∗
0

6
)

+ 56(1 − 𝑎ℎ𝑐
∗
0

8
)
2
ℎ
∗4𝑎2ℎ𝑐

∗
0

13
− 14(1 − 𝑎ℎ𝑐

∗
0

8
)
3
ℎ
∗4𝑎ℎ𝑐

∗
0

5
 

(24) 

ℎ𝑐
∗
5
= −8𝑎ℎ𝑐

∗
0

7
(−8𝑎ℎ𝑐

∗
0

7
((
8

15
(−𝑎ℎ𝑐

∗
0

8
+ 1))ℎ∗

5
𝑎2ℎ𝑐

∗
0

14
 

−(
7

15
)(−𝑎ℎ𝑐

∗
0

8
+ 1)2ℎ∗

5
𝑎ℎ𝑐

∗
0

6
) + (56/5)(−𝑎ℎ𝑐

∗
0

8
+ 1)2ℎ∗

5
𝑎2ℎ𝑐

∗
0

13
 

−(14/5)(−𝑎ℎ𝑐
∗
0

8
+ 1)3ℎ∗

5
𝑎ℎ𝑐

∗
0

5
) − 56𝑎ℎ𝑐

∗
0

6
((8/5)(−𝑎ℎ𝑐

∗
0

8
+ 1)2ℎ∗

5
𝑎2ℎ𝑐

∗
0

14
 

+(1/5(−𝑎ℎ𝑐
∗
0

8
+ 1))ℎ∗

5
((32/3(−𝑎ℎ𝑐

∗
0

8
+ 1))𝑎2ℎ𝑐

∗
0

14
− (28/3)(−𝑎ℎ𝑐

∗
0

8
+ 1)2𝑎ℎ𝑐

∗
0

6
)) 

+(672/5)(−𝑎ℎ𝑐
∗
0

8
+ 1)3ℎ∗

5
𝑎2ℎ𝑐

∗
0

12
− 14(−𝑎ℎ𝑐

∗
0

8
+ 1)4ℎ∗

5
𝑎ℎ𝑐

∗
0

4
 

(25) 

 

By summating these answers according to 

Eq. 19, the ℎ𝑐
∗
 function is obtained for λ=2 

and η=8. In order to plot ℎ𝑐
∗

 verses ℎ
∗

, 

example values for a and ℎ𝑐
∗
0

should be 

selected. These values are selected based on 

discharge value and soil properties.  By 

considering a=0.1, 0.5 and 0.7 and ℎ𝑐
∗
0
 

(boundary condition) equal to 1 in these 

answers, ℎ𝑐
∗
functions for the approximately 

eighth sentences are presented in Table 1.  

 
Table 1. 𝒉𝒄

∗ functions for different values of a in λ=2 and η=8 

Values  

for a 

Values  

for ℎ𝑐
∗
0
 

ℎ𝑐
∗
 functions 

0.1 1 
ℎ𝑐
∗ = 1 + 0,9ℎ∗ − 0,36ℎ∗

2
− 0,66ℎ∗

3
− 0,435ℎ∗

4
+ 0,72354ℎ∗

5

+ 1,891052ℎ∗
6
+ 0,8468553721ℎ∗

7
 

0.5 1 

ℎ𝑐
∗ = 1 + 0,5ℎ∗ − 1,00ℎ∗

2
+ 0,166666666ℎ∗

3
+ 2,458333334ℎ∗

4

− 1,470833331ℎ∗
5
− 8,790277781ℎ∗

6

+ 9,669543642ℎ∗
7
 

0.7 1 
ℎ𝑐
∗ = 1 + 0,3ℎ∗ − 0,84ℎ∗

2
+ 0,98ℎ∗

3
+ 0,833ℎ∗

4
− 4,30514ℎ∗

5

+ 2,611046666ℎ∗
6
+ 13,51103507ℎ∗

7
 

 

Replacing ℎ
∗

 values in the analytical 

solutions (Table 1), the dimensionless 

capillary pressure head (ℎ𝑐
∗
) can be plotted. 

Figure 2 shows a comparison of ℎ𝑐
∗

values 

using ADM (Table 1) and numerical 

solution values (to Eq. 7) for a 

dimensionless length (ℎ
∗
) of 0.5 in a vertical 

soil column with 𝛽 = 90∘. Finite difference 

method (FDM) with 𝛥ℎ∗ = 0.01is used for 

the numerical solution. As shown in Figure 

2, there is an excellent agreement between 

ADM and FDM results.  The comparison 

confirms high accuracy of ℎ𝑐
∗

 functions in 

Table 1 as analytical solutions for SDFWF 

equation with soil properties of λ=2 and 

η=8.  

 

https://jhs.scu.ac.ir/


 Hamed Reza Zarif Sanayei 

 

Journal of Hydraulic Structures  

28 

 
Figure 2. Comparison of normalized capillary pressures head verses normalized elevation values in 

numerical and analytical methods for λ=2 and η=8  

 

5. ADM solution of SDFWF equation 

for λ=3 and η=11 
In this section, λ is considered equal 3 and 

in accordance with the described process in 

the previous sections, η value is 11. By 

substituting η into Eq. 7, 𝑓(ℎ𝑐
∗
0
) is defined 

as:  

𝑓(ℎ𝑐
∗
0
) = (1 − 𝑎ℎ𝑐

∗
0

11
) (26) 

 

                                               

According to Eq. 26 and the mentioned 

explanations in Eqs. 15 to 19, the answers 

for ℎ𝑐1
∗

, ℎ𝑐2
∗

, ℎ𝑐3
∗

 and etc. are obtained. 

Considering that the answers are long, only 

the first four terms of ℎ𝑐
∗

in Eq. 19 are 

presented here: 

 

 

ℎ𝑐
∗
1
= (1 − 𝑎ℎ𝑐

∗
0

11
)ℎ∗ (27) 

ℎ𝑐
∗
2
= −

11

2
(1 − 𝑎ℎ𝑐

∗
0

11
) ℎ∗

2
𝑎ℎ𝑐

∗
0

10
 (28) 

ℎ𝑐
∗
3
=
121

6
(1 − 𝑎ℎ𝑐

∗
0

11
) ℎ∗

3
𝑎2ℎ𝑐

∗
0

20
−
55

3
(1 − 𝑎ℎ𝑐

∗
0

11
)
2
ℎ
∗3𝑎ℎ𝑐

∗
0

9
 (29) 

ℎ𝑐
∗
4
= −11𝑎ℎ𝑐

∗
0

10
(
121

24
(1 − 𝑎ℎ𝑐

∗
0

11
) ℎ∗

4
𝑎2ℎ𝑐

∗
0

20
−
55

12
(1 − 𝑎ℎ𝑐

∗
0

11
)
2
ℎ
∗4𝑎ℎ𝑐

∗
0

9
) 

+
605

4
(1 − 𝑎ℎ𝑐

∗
0

11
)
2
ℎ
∗4𝑎2ℎ𝑐

∗
0

19
−
165

4
(1 − 𝑎ℎ𝑐

∗
0

11
)
3
ℎ
∗4𝑎ℎ𝑐

∗
0

8
 

(30) 

 

By summating these answers according to 

Eq. 19, the ℎ𝑐
∗
 function is obtained for λ=3 

and η=11. In order to plot  ℎ𝑐
∗

 verses ℎ
∗

, 

example values for a and ℎ𝑐
∗
0

 should be 

selected. These values are selected based on 

discharge value and soil properties.  By 

considering a=0.1, 0.5 and 0.7 and ℎ𝑐
∗
0
 

(boundary condition) equal to 1 in these 

answers, ℎ𝑐
∗
 functions for the approximately 

eighth sentences are presented in Table 2.  
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Table 2- 𝒉𝒄
∗ functions for different values of a in λ=3 and η=11 

Values 

 for a 

Values 

 for ℎ𝑐
∗
0
 

ℎ𝑐
∗
 functions 

0.1 1 
ℎ𝑐
∗ = 1 + 0.9ℎ∗ − 0.495ℎ∗

2
− 1.3035ℎ∗

3
− 1.4235375ℎ∗

4

+ 2.26372575ℎ∗
5
+ 11.03425936ℎ∗

6
+ 12.36402593ℎ∗

7
 

0.5 1 

ℎ𝑐
∗ = 1 + 0.5ℎ∗ − 1.375000000ℎ∗

2
+ 0.229166666ℎ∗

3

+ 6.559895834ℎ∗
4
− 3.921614573ℎ∗

5

− 47.23721789ℎ∗
6
+ 51.09599910ℎ∗

7
 

0.7 1 
ℎ𝑐
∗ = 1 + 0.3ℎ∗ − 1.155ℎ∗

2
+ 1.8095ℎ∗

3
+ 2.4072125ℎ∗

4

− 15.50947475ℎ∗
5
+ 9.61202517ℎ∗

6
+ 101.8603676ℎ∗

7
 

 

Substituting ℎ
∗

values in the analytical 

solutions (Table 2), the dimensionless 

capillary pressure head (ℎ𝑐
∗
) may be plotted. 

Figure 3 shows a comparison of ℎ𝑐
∗
 values 

using ADM (Table 2) and numerical 

solution values (to Eq. 7) for a 

dimensionless length (ℎ
∗
) of 0.5 in a vertical 

soil column with 𝛽 = 90∘. Finite difference 

method (FDM) with 𝛥ℎ∗ = 0.01is used for 

the numerical solution. As shown in Figure 

3, there is an excellent agreement between 

ADM and FDM results.  The comparison 

confirms accuracy of ℎ𝑐
∗
 functions in Table 

2 as analytical solutions for SFWF equation 

with soil properties of λ=3 and η=11. 

 

 
Figure 3. Comparison of normalized capillary pressures head verses normalized elevation values in 

numerical and analytical methods for λ=3 and η=11 

 

6. ADM solution of SDFWF equation 

for λ=4 and η=14 
In this section, λ is considered equal 4 and 

in accordance with the described process in 

the previous sections, η value is 14. By 

substituting η into Eq. 7, 𝑓(ℎ𝑐
∗
0
) is defined 

as:  

𝑓(ℎ𝑐
∗
0
) = (1 − 𝑎ℎ𝑐

∗
0

14
) (31) 

According to Eq. 31 and the mentioned 

explanations in Eqs. 15 to 19, the answers 

for ℎ𝑐1
∗

, ℎ𝑐2
∗

, ℎ𝑐3
∗

 and etc. are obtained. 

Considering that the answers are long, only 

the first four terms of ℎ𝑐
∗

in Eq. 19 are 

presented here: 
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ℎ𝑐
∗
1
= (1 − 𝑎ℎ𝑐

∗
0

14
)ℎ∗ (32) 

ℎ𝑐
∗
2
= −7(1 − 𝑎ℎ𝑐

∗
0

14
) ℎ∗

2
𝑎ℎ𝑐

∗
0

13
 (33) 

ℎ𝑐
∗
3
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∗
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14
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91

3
(1 − 𝑎ℎ𝑐

∗
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14
)
2
ℎ
∗3𝑎ℎ𝑐

∗
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ℎ𝑐
∗
4
= −14𝑎ℎ𝑐

∗
0

13
(
49

6
(1 − 𝑎ℎ𝑐

∗
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14
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4
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∗
0

26
−
91

12
(1 − 𝑎ℎ𝑐

∗
0

14
)
2
ℎ
∗4𝑎ℎ𝑐

∗
0

12
) + 

637

2
(1 − 𝑎ℎ𝑐

∗
0

14
)
2
ℎ
∗4𝑎2ℎ𝑐

∗
0

25
− 91(1 − 𝑎ℎ𝑐

∗
0

14
)
3
ℎ
∗4𝑎ℎ𝑐

∗
0

11
 

(35) 

 

By summating these answers according to 

Eq. 19, the ℎ𝑐
∗
 function is obtained for λ=4 

and η=14. In order to plot ℎ𝑐
∗

 verses ℎ
∗

, 

example values for a and ℎ𝑐
∗
0

 should be 

selected. These values are selected based on 

discharge value and soil properties.  By 

considering a=0.01, 0.001 and 0.0001 and 

ℎ𝑐
∗
0
 (boundary condition) equal to 1 in these 

answers, ℎ𝑐
∗
 functions for the approximately 

eighth sentences are presented in Table 3.  

 
Table 3. 𝒉𝒄

∗ functions for different values of a in λ=4 and η=14 

Values 

for a 

Values 

for ℎ𝑐
∗
0
 

ℎ𝑐
∗
 functions 

0.01 1 

ℎ𝑐
∗ = 1 + 0.99ℎ∗ − 0.0693ℎ∗

2
− 0.294063ℎ∗

3
− 0.8414637ℎ∗

4

− 1.646118428ℎ∗
5
− 1.923599743ℎ∗

6

+ 0.1642565113ℎ∗
7
 

0.001 1 

ℎ𝑐
∗ = 1 + 0.999ℎ∗ − 0.006993ℎ∗

2
− 0.030240063ℎ∗

3

− 0.09030356937ℎ∗
4
− 0.1965245847ℎ∗

5

− 0.3186765805ℎ∗
6
− 0.3795618968ℎ∗

7
 

0.0001 1 

ℎ𝑐
∗ = 1 + 0.9999ℎ∗ − 0.00069993ℎ∗

2
− 0.003032400063ℎ∗

3

− 0.00909302457ℎ∗
4
− 0.0199831278ℎ∗

5

− 0.03321588658ℎ∗
6
− 0.04240053504ℎ∗

7
 

 

Substituting ℎ
∗

values in the analytical 

solutions (Table 3), the dimensionless 

capillary pressure head (ℎ𝑐
∗
) may be plotted. 

Figure 4 shows a comparison of ℎ𝑐
∗

values 

using ADM (Table 3) and numerical 

solution values (to Eq. 7) for a 

dimensionless length (ℎ
∗
) of 1.5 in a vertical 

soil column with 𝛽 = 90∘. Finite difference 

method (FDM) with 𝛥ℎ∗ = 0.01is used for 

the numerical solution. As shown in Figure 

4, there is an excellent agreement between 

ADM and FDM results.  The comparison 

confirms high accuracy of ℎ𝑐
∗

 functions in 

Table 3 as analytical solutions for SFWF 

equation with soil properties of λ=4 and 

η=14. By comparing Figures 2, 3, and 4, it 

is found that as the values of λ and η 

increase, the graph slope of ℎ
∗

 versus ℎ𝑐
∗
 

increase. Also, by increasing λ, the graphs 

at high values for ℎ
∗
are formed as almost 

straight vertical lines. In other words, as the 

pore size distribution index (λ) increases, 

the pore size of the soil increases and the 

flow rate passes through the soil column at 

a faster rate. 
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Figure 4. Comparison of normalized capillary pressures head verses normalized elevation values in 

numerical and analytical methods for λ=4 and η=14 

 

Conclusion 
This paper presented analytical solutions for 

the steady downward flow of a wetting fluid 

(SDFWF) in unsaturated soil. Governing 

equation for SFWF is an ordinary 

differential equation with strongly nonlinear 

form and therefore, presenting analytical 

solutions for this equation is very important. 

The Adomian decomposition method 

(ADM) were applied to SDFWF equation 

for obtaining analytical solutions. A total of 

3 cases were considered in this study for 

different soil properties. The pore size 

distribution index in these cases were 2, 3 

and 4. A comparison between ADM and 

finite difference method (FDM) results were 

performed in three cases. An excellent 

agreement between ADM and FDM results 

were seen in all cases. Therefore, it was 

concluded that ADM may be used to obtain 

analytical solutions for SFWF equation in 

vertical soil column with a high level of 

accuracy. Presented analytical solutions in 

this research can be used as reference 

solutions for efficiency assessment of 

various numerical techniques and similar 

laboratory works that calculate capillary 

pressure distribution in soil column with 

SFWF. 
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