Development of an Efficient Multi-Reach Partitioning Approach with
Linear Muskingum Method and Weighted Mean of Vectors Algorithm
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This study presents an inverse routing method based on the linear
Muskingum model, utilizing a new and efficient optimization
algorithm i.e., the welghted meaN oF vectOrs (INFO) to determine
optimal routing parameters. Additionally, the analyzed rivers are
segmented into smaller intervals, then the linear Muskingum routing
method is applied separately and consecutively to each interval.
Furthermore, lateral flow contribution has been integrated into the
calculation process to improve routing accuracy in the linear
Muskingum method. It is worth noting that this study is novel in two
key aspects: it is the first to apply a partitioning approach to an
inverse flood routing strategy, and, more broadly, across all types of
flood routing—whether inverse or direct—it marks the first instance
in which the number of sub-reaches has been optimized within an
inverse Muskingum flood routing framework, while simultaneously
estimating routing parameters and accounting for lateral flow effects.
The proposed Muskingum model is investigated on three flood
events, and its performance is compared to existing methods reported
in the literature. The sum of squared errors (SSQ) significantly
decreases for each analyzed flood event, with best SSQ values of
167.03 for the triangular flood hydrograph, 371.55 for the Wilson
data, and 128.63 for the double-peak hydrograph. Also, the
Standardized Absolute Deviation (SAD) evaluation criteria, yielding
best SAD values of 194.17, 70.03, and 45.83 for the respective
events, along with the visual agreement of observed input
hydrographs and the resulting routing hydrographs, highlight the
advantages of the proposed method.

Inverse Flood routing, linear Muskingum method, INFO, optimization
algorithms, Multi-reach.

Flood routing is conducted in direct and inverse modes. Inverse
routing determines the upstream hydrograph characteristics
based on the specifications of the downstream hydrograph. It
provides valuable insights into upstream inflow flood
characteristics, which are crucial for estimating reconstruction
and renovation costs associated with upstream flooding.
Additionally, it assists in determining the appropriate volume
of water to release from a regulation dam to meet downstream
flow requirements. Furthermore, inverse routing can be
employed to validate data from upstream hydrometric stations.
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Muskingum method is based on
continuity and storage equations and can be
implanted using both linear and non-linear
models [1]. Due to the high computational
costs for calibration, the non-linear models
are recommended primarily when discharge
and storage equations exhibit non-linearity
[2]. On the other hand, the linear
Muskingum equation is not only simpler but
also more cost-effective than non-linear
Muskingum methods. Consequently, this
approach has been extensively utilized in
variety of researches.

Samani and Shamsipour [3] proposed a
model using the linear Muskingum method
(LMM) for flood routing in multi-branch
rivers. They employed a non-linear
optimization method to estimate the
required parameters. Al-Humoud and Esen
[4] presented two approximate methods for
estimating linear Muskingum model
parameters. In the first method, it was
essential to calculate the slopes of both the
inflow and outflow hydrographs at the
intersection point, as well as the maximum
storage volume within that region. In
contrast, the second method required the
calculation of the inflow and outflow
hydrographs at only two specific points.

In order to estimate the parameters of the
Muskingum method, Ayvaz and Gurarsian
[5] presented a new model which can be
applied to all flood routing programs Their
results showed that proposed model
significantly enhances the performance of
the Muskingum method. Bazargan and
Norouzi [6] utilized the LMM for Molasani
and Ahvaz hydrometry stations located
upstream and downstream of the Karun
River. They demonstrated that the accuracy
of this method can be improved by using
variable values instead of constant
parameters for X, K, and At, particularly at
the peak of hydrograph. Norouzi and
Bazargan [7] estimated the parameters of a
linear model for two major floods, as
opposed to just one, in eight different
models. Their findings indicated that by
applying the arithmetic mean values of X
and K, along with the geometric mean value
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of At related to two significant floods, they
attained improved accuracy in estimating
the peak section of the downstream
hydrograph. Omran et al. [8] employed
Muskingum's graphical method along with
numerical methods to conduct flood
routing. The improved bat algorithm (IBA)
was also used in that study to optimize the
estimated values of the Muskingum model.
Results indicated that all numerical methods
could estimate the parameters of
Muskingum's graphical method, but the
IBA was the best method as it fits data with
minimum errors. In a research [9], the
parameters of the Muskingum model were
optimized to accurately simulate hourly
flood hydrographs for three rivers within
the Karun watershed. The researchers
assessed the model's performance using the
correlation coefficient (CC), the ratio of the
root-mean-square error to the standard
deviation of measured data (PSR), Nash—
Sutcliffe efficiency (NSE), and index of
agreement (d). The findings demonstrated
that the gray wolf optimization (GWO)
algorithm provided superior performance in
simulating floods in the study area. Salvati
et al. [9] combined the nonLMM with a
new lateral flow equation based on five
decision variables to perform flood routing
more accurate. In a research conducted by
Mohsenabadi [10], a Multilinear
Muskingum method was developed
specifically for D-shape cross-section and
compared against the Saint-Venant model.
This research focused on optimizing
discharge coefficients to obtain water
surface profiles. Results indicated a suitable
agreement between routed hydrographs and
water surface profiles.

Although there have been extensive
studies in the field of the Muskingum model
for direct flood routing, its application for
inverse flood routing remains limited.
Inverse flood routing was first performed by
Eli et al. [11] on the James River in
Virginia using the Saint-Venant equations.
They noted numerical instabilities,
particularly at low discharges. Das [12]
presented the inverse routing method for the
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Muskingum  model using Lagrange
multipliers for optimizations. A study by
Koussis et al. [13], applied the Muskingum
method for inverse flood routing and
observed that input hydrographs were
estimated with good accuracy. In another
research, Hosseini Dehnoi [14]  used
Genetic Algorithm (GA) to define the
inverse LMM in multi-branch rivers. The
algorithm proved to be accurate and
effective in generating artificial data rather
than real data. Badfar et al.[15] developed a
new model for inverse flood routing based
on the Muskingum model. They used the
Euler numerical and Runge-Kutta fourth
order methods to solve the storage function
while the Shuffled Complex Evolution
(SCE) algorithm was employed for
parameters optimization.

To achieve accurate results in flood
routing, it is essential to estimate the
Muskingum parameters optimally. Due to
the complexity of these calculations,
various methods, including metaheuristic
optimization algorithms, have been
introduced over the years. Mohan [16]
applied Genetic Algorithm (GA) for
estimating parameters in linear and non-
linear models. Results illustrated that using
GA was more appropriate than previous
methods and initial assumption close to
optimal solution was not required.
Moghadam et al. [17] examined the
application of all linear and non-linear
Muskingum models using Particle Swarm
Optimization (PSO) algorithm. Ultimately,
the most appropriate Muskingum model
was selected based on evaluation criteria
comparing observed and computed
discharges. Badfar et al. [18] utilized
Shuffled Complex Evolution (SCE)
algorithm to  optimize  Muskingum
parameters. Their results indicated that the
algorithm performs well and shows good
agreement between computed and observed
hydrographs in simulating floods. In
another research, RezapourTabari and
Emami Dehcheshmeh [19] proposed a
novel structure for the non-linear
Muskingum model. A combination of
Particle Swarm Optimization (PSO) and
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Dove Swarm  Optimization (DSO)
metaheuristic algorithms were used for
optimization of parameters. Norouzi et al.
[20] utilized data from four floods in the
Karun River to optimize flood routing using
the PSO algorithm. In their research, the
LMM parameters were separately optimized
and applied to compute outflow
hydrographs for each flood.

Considering the limited knowledge and
studies in the literature on inverse flood
routing using the Muskingum method along
rivers, it is essential to conduct research in
this field. Therefore, the current study
develops a linear Muskingum model for
multi-reach inverse routing in several flood-
prone rivers. Also, given the need to obtain
optimal values for effective parameters in
this area, the welghted meaN oF vectOrs
(INFO) algorithm is utilized to optimize
LMM parameters and determine the optimal
number of ranges. INFO is a new and
powerful algorithm, that has not been
widely used in different fields of water
engineering. It is worth mentioning; the
multi-reach method constitutes a novel
approach proposed in this research.
Furthermore, the investigation of lateral
discharge has been conducted in this study
to enhance the accuracy of computational
outcomes.

The current study applies the linear
Muskingum method for inverse flood
routing, incorporating two fundamental
equations: the continuity and the linear
storage equations. The continuity equation
(Eq. 1) states that the variation in storage
volume over time is equal to the difference
between inflow and outflow. Also, the
storage equation (Eq. 2) establishes a linear
relationship between the storage volume
and the inflow and outflow rates,

ds
2= A+pu-0 M
S=K[X(1+B)I+(1-X)0] ©)
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where I and O represent inflow and outflow
rates, respectively, S corresponds the total
water storage volume, X is a dimensionless
weighting factor that indicates the relative
importance of inflow () and outflow (0) in
relation to the storage volume (S).
Acceptable values of X range between 0 and
0.5, as values exceeding 0.5 result in an
unrealistic increase in flood peaks, while
negative values are considered practically
meaningless for the weighting factor [21] .
K represents the storage time constant and
depends on factors such as channel length
and flood wave celerity. The value of K is
approximately equal to the time required for
the flood to pass through the river. The
parameter [ represents the coefficient or
contribution of lateral flow with respect to
the inflow, which may vary along the river,
either increasing or decreasing [22].

In inverse flood routing, unlike the direct
procedure, the inflow rate at the beginning
of a time step is the unknown variable to be
determined. Therefore, by applying Egs. (1)
and (2) over a time interval of length At,
with indices 1 and 2 representing values at
the beginning and end of the time step,
respectively, the upstream discharge at the
start of the time step can be computed using
the following equation:

11 = C102 + 6201 + C312 (3)

Where C;, C,, and C; are obtained as
follows:

1 K(1-X)+0At

C1 = T kxra—o)ne
_ 1 KQA-X)-(1-6)At
(2 = (1+8) KX+(1-0)At (4)
KX—-0At

3 7 KX+(1-6)At

where 6 is a parameter used to weight the
average of the inflow/outflow (I/0) values
at the beginning and end of each time step.
Knowing the parameters K and X, the
coefficients C;, C,, and C3 can be computed.
The value of I; in Eq. (3) can be determined
using the outflow at the beginning and end
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of the time step, along with the inflow at the
end of the time step. This process can then
be iterated in reverse through successive
time steps until the upstream hydrograph is
completely calculated. It is important to
emphasize that the derivation of Egs. (3)
and (4) to perform inverse flood routing
while incorporating lateral discharge
constitutes a key innovation presented in
this study.

To improve the accuracy of the proposed
flood routing procedure, a multi-reach
version is also introduced. The term "multi-
reach" refers to the division of the river
reach into two or more sub-reaches (Fig. 1).
Consequently, the flood routing procedure
can be applied separately to each sub-reach,
successively following the completion of
the previous one. It should be noted that,
since the proposed approach is a lumped
model, the spatial location and manner in
which the river reach is divided into sub-
reaches are entirely unimportant. The only
aspect that matters is the number of
divisions. This is why the sub-reach lengths
are shown as equally spaced in Fig. 1.

In general, the flood routing procedure
begins from the last sub-reach (most
downstream), proceeds upstream, and ends
at the first sub-reach (most upstream).
Using the outflow hydrograph for each sub-
reach and applying Eq. (3), the
corresponding inflow hydrograph can be
determined. Note that, except for the last
sub-reach where the outflow data is known
(from the observed hydrograph at the
downstream end of the river), the outflow
data for the remaining sub-reaches is
unknown and needs to be determined. By
using the computed inflow hydrograph as
the outflow hydrograph for the subsequent
upstream sub-reach, this issue is effectively
resolved. Thus, this iterative procedure
should begin with the last sub-reach and
continue until reaching the first one.
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Figure 1. Multi-reach LMM in inverse routing

It should be noted that the Muskingum
parameters are assumed constant in all
reaches. While these parameters can be
varied in every sub-reach, considering
uniform parameters in the presented study
reduces the number of decision variables
and minimizes uncertainties associated with
parameter estimation. Moreover, to enhance
the accuracy of routing computations, this
study introduces the calculation of the
optimal number of sub-reaches for a given
river as a key decision variable, marking a
novel contribution to the methodology as it
has not been previously utilized in the
literature. Therefore, in addition to K, X,
and f3, the number of sub-reaches (nr) is a
new parameter in the proposed Muskingum
model and must be determined. The
optimization technique (INFO algorithm) is
utilized to calculate the optimal values of
these parameters.

2.3. INFO optimization algorithm

Ahmadianfar et al. [23] introduced a novel
optimization algorithm, called weighted
mean of vectors, which can aid the
formation of a solid structure by modifying
the weighted mean method and updating the
location of vectors. INFO is a population-
based algorithm that computes the weighted
mean of set of vectors in search space. The
population includes a set of vectors
illustrating  possible solutions. INFO
algorithm finds solutions in multiple
consecutive generations. This algorithm
consists of the following main phases that
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we address in the context of a minimization
problem.

Initialization phase:

A population of INFO vectors can be

B W 1
represented as X9! = {xf ,xg ,-~-,xg 1,

where g =0,1,2,--, gmax denotes the
generation number, D is the dimension of
the search domain, and [=12,-,N,
corresponds to the ™ vector of the current
population. This algorithm uses a random
methodology for generating the initial
population of vectors (X%!). In this stage,
some major control parameters called
weighted mean coefficient § and scaling
coefficient s are also introduced for the
INFO [23].

Rule renewal phase:

In INFO, in contrast to other methods, a
mean-based renewing rule is used to
generate new vectors, increasing the
convergence rate. Updating the rule
operator increases population diversity
during the search procedure and generates
new vectors using the weighted mean of
vectors. The mean-based rule consists of
two terms and is defined as follows [23]:

Mrule = Y%, a; x MBW', a; =
r,a,=1-—r

)

where r is a random value in the range
[0,0.5]; MBW;%is obtained as follows:
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if G+1)>3xg,, =g,

(6)

=12, ,Np,g=12,,9mar i =1,2 and j=1,-+,3

where f represents the objective function
. \13
P l
(OF), w; = max {f (xaf)}j=1' The values

of {aj}jzl } depend entirely on which term

(i =1 ori =2)in Eq. (6) is being calculated.
If i=1, they represent three distinct
numbers between 1 and Np, randomly
generated to select three different vectors
from the population in the g™ generation.
Conversely, if { =2, they correspond to the

best, better and worst solutions,

: . ji
respectively. That is, xZ =xy;, x5 =

)L 1
xy., and x5 = x5 , where Xpg, Xy, and

X, are, respectively, the best, better, and
worst solutions and [ =1,2,---,Np,g =
1,2, , Gmax- € 18 a constant value with low
quantity, rnd is a random value. The &
scale coefficient is obtained using, & =

4(rand — 0.5)exp (g_ﬂ), where gmax 1S

the maximum number of generations.
Finally, the two new vectors are achieved
based on

gl _ gl
z]” = x{" +5s X Mrule + Cyy

gl _ gl
z;" = x; +5 X Mrule + Cy,

(7)
where C4; and C,, are the convergence
acceleration terms added for updating the
rule operator. s =4(rand —

O.S)exp(_4‘g) is the scaling factor and

Imax
notably, when the parameter s takes on

large values, the current position shifts
away from the weighted mean of the
vectors, promoting exploration. Conversely,
smaller values of s encourage the current
position to converge toward the weighted
mean, enhancing exploitation.

Combining phase:
By combining the two newly generated
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vectors (zf'land Z‘g'l) from the previous
step, a new solution (u9') is obtained. Two
random values are generated to combine the
vectors. For a given [™ vector, the first
random value determines whether its
position is updated, while the second
random value dictates how zf’l and zJ *are
merged to create a unique new vector
solution, denoted as u9! (see [23], for more
details).

Local search phase:

While the last two phases focus on both
exploration and exploitation of the
algorithm, this phase places greater
emphasis on exploitation. This objective is
achieved through the use of global location
(x5,5) and the mean-based rule (see Eq. 5).
According to this operator, a new vector can
be generated in proximity to x4, by a
random value between 0 and 1 [23]. Fig. 2
depicts the flowchart of the INFO and the
optimization process.

The proposed inverse flood routing
procedure  involves  estimating  the
parameters K, X, f and nr. To determine
these parameters, an optimization process is
required. For this purpose, the INFO
algorithm is employed, with the sum of
squared deviations (SSQ) serving as the OF:

§5Q = XL (i —

8
I)? ®)
Fig. 3 illustrates the integration of the INFO
algorithm with the inverse flood routing
procedure to determine the optimal
parameters values.
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To validate the efficiency of the INFO
optimization algorithm and assess the
impact of the multi-reach approach applied
in inverse flood routing using the LMM,
some evaluation criteria are employed.

1- Accuracy of optimization method:
The accuracy of the optimization method
can be evaluated using the sum of absolute
difference (SAD) between observed inflow
( I; ) and calculated inflow (I;) at i time,
These metrics are defined as follows:

SAD =3\, |I; — I )

Where N is the number of recorded data.
Lower SAD value indicates a closer
agreement between the calculated results
and the observed data, demonstrating
reduced calculation errors.
2- Magnitude of Flood Peak: The
absolute deviation between the peak values

of the observed inflow (Tip eak) and the

routed inflow (Iip eak), referred to as DPO,
represents a criterion for assessing the
magnitude of the peak inflow.

DPO = |{Pe%* — (10)
peak
17

The lower the DPO value, the closer the
observed and calculated values are.

3- Mean absolute relative error: The
mean absolute relative error (MARE)
between the observed and calculated
inflows is considered as:

1Ti=14
I;

MARE = ~¥N | (11)

A lower MARE value indicates a
reduced average relative difference between
the observed and calculated inflows, which

Journal of Hydraulic Structures

implies better model accuracy and
performance.

4- Variance: The similarity in the shape
and size of the hydrograph can be quantified
using the variance criterion (VarexQ),
which is expressed as:

2 di—1p)?
N (7 _imean)2
Zi=1(1i_1i )

VarexQ = (1 - ) X100  (12)

Where [["¢" is the mean observed inflow.

A higher VarexQ value indicates greater
similarity between the observed and
calculated inflow hydrographs.

5- Coefficient of determination (R?):
The R? value quantifies the proportion of
variance in the observed inflows that is
explained by the calculated inflows. A value
of R?=1 indicates perfect agreement
between the observed and calculated
inflows, while R*=0 suggests no correlation.

R2 =
(BN, d—1preem—gream))” (13)

i - 2
\/Zliv=1(1i—1i)2 Zé\él(lljmean_lljmean)

Where []***" is the mean calculated inflow.
6- The Kling-Gupta (KG) Efficiency
coefficient: It is a criteria particularly used
to evaluate the overall performance of
hydrological models by considering
multiple aspects of model accuracy,
including correlation, variability, and
systematic errors. It is defined as:

KG=1-

J(R —124(g-1) 4 (;:: - 1)2 (14

Where and & and o are standard deviations
of observed and calculated inflow,
respectively [24].
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- Setting problem dimension (dim)
- Setting population size (Np)
- Setting maximum number of iterations (g qayx)
- Generating initial population (X9, g = 0,1 =1,2,---, Np)

.

Rule renewal
- Randomly choosing three vectors from the current population
- Identifying the best, better, and worst solutions

- Calculating the values of w, i = 1,2 and j = 1,2,3

. )L )L
- Creating two new vectors z; and z,

}

Combining

- |3 - Creating new vector u9'! using combining z7 tand zJ 't
+ | S
> |l
=
S
> | <
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Figure 2.

Flowchart of the weighted mean of vectors (INFO) algorithm
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Start

y

Generating the initial population of the decision variables, namely
the parameters K, X, a and nr, using the INFO algorithm

v

Calling the inverse flood routing procedure, computing the cost function
(SSQ) for the population, and returning the results to the INFO

:

Applying the Rule renewal, combining and local search

R

phases to generate the new population

:

Updating the best cost value and the
optimal parameter positions.

I

No Has the INFO met
the convergence
criterion?

!

End

Figure 3. The process of determining the optimal parameter values through the integration of the
INFO algorithm and the inverse flood routing procedure.
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The present study evaluates the
performance of the proposed Muskingum
method using triangular, single-peak, and
double-peak  flood hydrographs. The
evaluation criteria computed in this research
are compared with other established
methods in the literature. To identify the
optimal values of the decision variables in
the Muskingum method and ensure rapid
convergence during optimization, the
following parameter ranges are considered:
0<X<05 0<K<60, -1<pB<1.
Additionally, the parameters for the INFO
algorithm employed across all experiments
are specified as follows: N,=30, dim=4,

and gpq,x=2000.

79

According to the reported flood data, the
analysis includes 43-time steps, with each
time step having a duration of 3 hours (N =
43, At=3).

Fig. 4 illustrates the convergence process
of the INFO optimization algorithm in
determining the decision variables of the
triangular flood hydrograph. As shown, the
algorithm begins with a randomly generated
initial solution, which is inaccurate, and
iteratively reduces the OF value to achieve
an optimal solution.

The optimal parameter values for both
the single- and multi-reach LMMs, along
with the corresponding optimal value of nr,
are presented in Table 1. For each number
of partitions (nr), the reported Muskingum

10% Convergence curve
55[ ‘ ‘ \ 7
5 - —
4.5} :
4 - —
m - —
® 35
Q
s 3 il
L
w251 :
[}
m f |
15 :
1 —
0.5 :
| | | | | | | | |
200 400 600 800 1000 1200 1400 1600 1800 2000
Iteration

Figure 4. Convergence procedure of multi-reach Muskingum parameters by INFO algorithm
for triangular flood data

A synthetic triangular inflow hydrograph
within a rectangular channel with a length
of 4500 m, a surface width of 60 m, a
surface slope of 0.01, and a Manning
coefficient of 0.035 is utilized in this study.
The flood demonstrates a linear relationship
between the storage volume rate and the
difference between inflow and outflow,
making it a suitable case for evaluating the
proposed method in this study [25].

Journal of Hydraulic Structures

parameters (K, X, ) represent effective
values for the entire multi-reach system.
Table 2 presents the inverse-routed flood
hydrograph at the river upstream in
comparison to the observed flood data. As
demonstrated, the obtained results exhibit a
strong agreement with the observed data,
highlighting the accuracy and reliability of
the proposed method.

Saghafian et al. [25] utilized the
triangular hydrograph data to validate their
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suggested method. They applied the
kinematic wave method with a 3-minute
time step for simulating the upstream
hydrograph. Similarly, Badfar et al. [15]
used the triangular hydrograph data for
inverse routing by LMM incorporating
Euler numerical models and the fourth-
order Runge-Kutta method for time
discretization. To enhance the accuracy of
the results, they employed the Shuffled
Complex Evolution (SCE) algorithm to
define the Muskingum parameters. Fig. 5
illustrates  the inverse-routed inflow
hydrograph using the INFO optimization
algorithm, compared with the observed
upstream hydrograph. The results from
Saghafian et al. [25] and Badfar et al. [15]
are also superimposed. As shown, the
hydrograph obtained using the proposed
approach is smoother and demonstrates
good agreement with the observed data,
whereas the inflow hydrograph calculated
by Saghafian et al. [25] exhibits significant

fluctuations in flow value.

To quantitatively compare the proposed
method in the current study with the results
of Saghafian et al. [25] and Badfar et al.
[15], evaluation criteria are presented here
(see Table 3). As can be concluded, the
results of the suggested method are more
accurate than those of the two other studies.
The SSQ, SAD, and DPO are the common
evaluation criteria used across all studies.
These three metrics consistently
demonstrate that the proposed approach
outperforms previous methods without
exception. Specifically, the SSQ value
shows significant improvement—by 64%
and 31% compared to the studies of
Saghafian et al. [25] and Badfar et al. [15],
respectively. This indicates the
effectiveness and strength of INFO in
minimizing the SSQ, highlighting its
applicability and benefits in achieving
optimal solutions in flood routing problems.

Table 1- Optimal parameter values of single- and multi-reach LMM for the triangular flood data

Method X K(h) B nr
Single-reach 0.1993 3.1794 0.0033 -
Multi-reach 0.18 5 0.52 4

Journal of Hydraulic Structures
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Table 2-The results of the suggested inverse flood routing procedure for the triangular hydrograph

Observed hydrograph Routed hydrograph
Time (hr) Inflow (m3/s) Outflow (m3/s) Inflow (m3/s)
0 54 54 54.19
3 54 54 54.40
6 54 54 54.83
9 54 54 55.69
12 57 54.05 57.15
15 60 54.25 59.36
18 63 54.68 62.53
21 69 55.51 66.67
24 75 56.88 71.77
27 81 58.92 77.70
30 87 61.74 84.21
33 93 65.35 91.11
36 99 69.71 98.20
39 105 74.72 105.34
42 111 80.28 112.39
45 117 86.24 119.30
48 123 92.49 126.02
51 129 98.92 132.46
54 135 105.47 138.42
57 141 112.06 143.55
60 147 118.67 147.02
63 153 125.27 147.68
66 147 131.29 145.39
69 141 135.97 140.81
72 135 138.8 134.90
75 129 139.66 128.45
78 123 138.75 121.91
81 117 136.41 115.54
84 111 133 109.41
87 105 128.86 103.48
90 99 124.21 97.77
93 93 119.26 92.20
96 87 114.11 86.78
99 81 108.86 81.48
102 75 103.55 76.37
105 69 98.23 71.51
108 63 92.92 67.01
111 60 87.71 62.82
114 57 82.69 58.77
117 54 77.96 53.94
120 54 73.61 53.51
123 54 69.73 53.99
126 54 66.37 54.00

Journal of Hydraulic Structures
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—— Observed Inflow

—6— Current Study

—— Saghafian et al. (2015)
Badfar et al. (2021) : EM
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Figure 5. The routed inflow hydrograph in comparison with those of Saghafian et al. [25] and
Badfar et al. [15] for the triangular flood data

Table 3. Muskingum methods evaluation criteria for the triangular flood data

Badfar et al. Current Study
Criterion [15] Saghafian
et al. [25]
EM FORK nr=1 nr=2 nr* =4 nr==6
SSQ 280 280 534.0943 194.1718 186.6469 167.0303 271.3878
SAD 89 89 864 73.7901 71.7206 64.3682 86.0992
MARE - - - 0.0203 0.0197 0.0169 0.0255
DPO 3.0 3.0 8.9 4.6214 4.88 5.3158 6.2463
VarexQ - - - 99.5685 99.5852 99.6288 99.3669
R? - - - 0.9957 0.9959 0.9963 0.9940
KG - - - 0.9963 0.9964 0.9965 0.9958
* Optimal

It should be noted that increasing the number of sub-reaches does not necessarily lead to
improved accuracy. Therefore, the results for the optimal number of sub-reaches are also
compared with those obtained from non-optimal subdivisions and the undivided (single-reach)
case, as shown in Table 3 and Fig. 6. As detailed, the most accurate solutions correspond to the
optimal number of sub-reaches (i.e., nr = 4). Interestingly, the worst results are not associated
with the undivided case (nr = 1), but rather with the scenario involving the highest number of
subdivisions (nr = 6). This outcome highlights the effectiveness of the proposed optimal dividing
approach. Figure 6 further supports this conclusion, as the optimized multi-reach scenario shows
a closer alignment with the observed flood data compared to the other methods.
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Comparison of routed inflow hydrographs for optimal and non-optimal sub-reach

configurations, based on triangular flood data

Wilson flood represents one of the most
important  datasets, = with  extensive
applications in the evaluation of flood
routing models. It has been employed as a
benchmark problem in many researches
[26]. The dataset consists of 21 time steps
(N=21), with each time step representing a
6-hour interval ( At =6 hr).

The routing procedure was configured
and executed for this flood event, and the
multi-reach LMM  parameters  were
subsequently obtained using the INFO. Fig.
7 indicates the INFO convergence process
for the single-peak Wilson hydrograph data.

x10*

Convergence curve
T T T

The algorithm begins with an initial random
solution and iteratively reduces the
objective function (OF) value until it
reaches the optimal solution.

Table 4 presents the optimized
parameters obtained for both the single-
reach and multi-reach cases, along with the
corresponding optimal value of nr. Table 5
demonstrates the inverse-routed flood
results compared to the observed upstream
flood data. As shown, the obtained routing
results exhibit a good agreement with the
recorded flood values, highlighting the
accuracy and reliability of the proposed
method.
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Figure 7. Convergence procedure of multi-reach Muskingum parameters by INFO algorithm for
single-peak flood data (Wilson data)
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Table 4. Optimal parameter values of single- and multi-reach LMM for the single-peak flood data
(Wilson data)

Method X K (h) B nr
Single-reach 0.2403 15.7065 -0.023 -
Multi-reach 0.3542 23.84 -0.0042 9

Table 5. The results of the suggested inverse flood routing procedure for the single-peak
hydrograph
Observed hydrograph Routed hydrograph
Time (hr) Inflow (m3/s)  Outflow (m3/s) Inflow (m3/s)
0 22 22 23.70
6 23 21 14.74
12 35 21 44.17
18 71 26 75.86
24 103 34 97.27
30 111 44 106.53
36 109 55 105.89
42 100 66 98.58
48 86 75 87.60
54 71 82 75.18
60 59 85 62.85
66 47 84 51.54
72 39 80 41.70
78 32 73 23.51
84 28 64 26.98
90 24 54 22.02
96 22 44 18.51
102 21 36 16.33
108 20 30 15.44
114 19 25 15.81
120 19 22 17.55
126 18 19 18.00

Das [12] utilized this data for inverse
flood routing by applying linear and non-
linear Muskingum methods and minimized
the difference between observed and
calculated inflows. The inverse-routed flood
hydrograph for the Wilson data, derived
using the proposed method, was compared
with the observed hydrograph and the
results reported by Das [12] and Badfar et
al. [15] (see Figure 8). As shown, the
results closely match the observed data in
terms of both peak value and timing of
occurrence, whereas the results reported by
Das [12] and Badfar et al. [15] show a
lower peak value and a delayed peak time
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compared to the observed data.

Table 6 also compares the evaluation
criteria of the suggested method with those
of Das [12] and Badfar et al. [15] . The
results indicate that the proposed method
produced more accurate and reliable
outcomes compared to the alternatives.
Specifically, the SSQ value achieved by the
INFO was reduced by 37% in undivided
case compared to the models used in the
study by Das [12] . Also, comparison the
values of SAD and DPO criteria with those
of Das [12] and Badfar et al. [15] , again
shows the superiority of the proposed
approach.
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Figure 8. The routed inflow hydrograph in comparison with those of Das [12] and Badfar et al. [15]
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Table 6. Muskingum methods evaluation criteria for the single-peak flood data (Wilson data)

Badfar et al. [15]

Current Study

Criterion Das [12]

EM FORK nr=1 nr=7 nr*=9 nr=11
SSQ 2311 2237 3624 2301.947 1137.8618 371.5487 592.4724
SAD 190 184 212 180.0253 116.3485 70.0253 87.4099
MARE - - - 0.414 0.1337 0.0908 0.1078
DPO 12.5 12.4 19.5 11.62 7.3719 0.96 1.2429
VarexQ - - - 90.2348 95.1730 98.4238 97.4866
R? - - - 0.9043 0.9517 0.9843 0.9749
KG - - - 0.9483 0.9706 0.9818 0.9793

Table 6 presents a comparison of the
results based on single and multiple reach
subdivisions. As shown, the optimal number
of subdivisions for the Wilson data was
found to be 9, leading to a reduction in the
S$SQ value by more than threefold compared
to the wundivided (single-reach) case.
Moreover, the SSQ for this configuration is
over 1.5 times lower than that for the 11-
subdivision case. Figure 9 illustrates the
flood routing results for the single-peak
flood data, comparing the accuracy of the
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single-reach, non-optimal multi-reach, and
optimal multi-reach (nr = 9) configurations.
As shown, the routed flood in the optimized
multi-reach configuration demonstrates a
closer agreement with the observed flood
compared to the other cases. This
observation is further supported by the data
in Table 6, where the SSQ and SAD values
for the optimized multi-reach state are
lower than those corresponding to the non-
optimal number of subdivisions.
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Saghafian et al. [25] investigated a double-
peak hydrograph within a rectangular
channel that measured 4,500 meters in
length, had a top width of 50 meters, a bed
slope of 0.01, and a Manning roughness
coefficient of  0.025. This flood
demonstrated a linear relation between
storage volume and weighted flow [15]. In
the reported data for this flood, the number
of time steps is 25, and the length of each
time step is 3 hours (N=25, At = 3).

Fig. 10 illustrates the convergence
process of the INFO optimization algorithm
for determining decision variables in multi-

140

Time(hr)
Figure 9. Comparison of routed inflow hydrographs for optimal and non-optimal sub-reach
configurations, based on single-peak flood data (Wilson data)

reach case for the double-peak hydrograph.
As observed the algorithm initiates with a
random starting solution and progressively
minimizes the target function value,
ultimately reaching an optimal solution. The
parameters obtained from the optimization
process in both single- and multi- reach
cases, as well as the optimal value of nr are
given in Table 7. Table 8 compares the
inverse-routed inflow hydrograph with the
observed one. As shown, there is strong
agreement between the routed and recorded
flood data, indicating a high level of
accuracy in the proposed inverse flood
routing process.

%10° Convergence curve
T T T

1" .

101 .

ol ]

sl ]
7]

8 7+ |
(=

E st 1
-

8 s |
@

s |

sl ]

2 ]

) ]

| | | | | | | | |
200 400 600 800 1000 1200 1400 1600 1800 2000
Iteration
Figure 10. Convergence procedure of multi-reach Muskingum parameters by INFO algorithm for
double peak flood data
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Table 7. Optimal parameter values of single- and multi-reach LMM for the double-peak

hydrograph
Method X K(h) B nr
Single-reach 0.1862 11.7351 0.034 -
Multi-reach 0.351 2.054 -0.0063 5

Table 8. The results of the suggested inverse flood routing procedure for the double-peak

hydrograph
Observed hydrograph Routed hydrograph
Time (hr) Inflow (m3/s) Outflow (m3/s) Inflow (m3/s)
0 150 150 149.16
3 150 150 150.65
6 163.33 150.64 164.46
9 191.67 153.56 193.19
12 235 161.4 231.50
15 268.33 176.01 267.37
18 285.67 196.57 288.42
21 287 219.3 288.56
24 272.33 238.97 270.80
27 250 251.4 244.93
30 220 254.68 224.76
33 216.67 251.04 217.54
36 223.33 244.61 223.40
39 240 239.35 236.95
42 251.33 237.37 251.29
45 258 238.79 260.14
48 260 242.43 258.18
51 243.33 245.58 245.70
54 225 245.79 226.30
57 205 241.9 204.11
60 185 233.98 182.71
63 166.67 222.92 164.97
66 150 209.83 153.79
69 150 196.51 148.76
72 150 184.49 150.00
Saghafian et al. [25] employed the observed hydrograph and the results

double-peak flood hydrograph data to
validate their proposed method. They
applied the kinematic wave method to
simulate the upstream hydrograph, utilizing
a time interval of three minutes. Figure 11
illustrates  the  inverse-routed  flood
hydrograph in comparison with the
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reported by Saghafian et al. [25]. As
observed, the hydrograph presented by
Saghafian et al. [25] exhibits several
fluctuations,  while the hydrograph
generated using the proposed approach
closely aligns with the observed
hydrograph, particularly in terms of both the
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magnitude and timing of the two observed
peaks. In addition, the rising and recession
limbs of both peaks in the routed
hydrograph align closely with those of the
observed hydrograph. The results are also
compared with those of Badfar et al. [15] in
Fig. 11, where double-peak flood data were
used for inverse flood routing using the
linear Muskingum method. As illustrated,
the  calculated inflow  hydrograph
demonstrates a closer match to the observed
hydrograph than the one presented by
Badfar et al. [15].

Further details of these comparisons,
along with the evaluation criteria, are
provided in Table 9. The results presented
in this table show that the proposed
methodology in this research provides more

320~

300 /\
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= N
@ =1
S =]

o
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accurate and reliable outcomes compared
with the other evaluated methods. Overall,
it can be noted that the kinematic wave
method by Saghafian et al. [25] exhibited
the lowest level of accuracy, whereas the
suggested method achieved the highest
accuracy. The proposed model in the
present study also exhibits improved
performance in terms of the SSQ and SAD
criteria when compared to the models of
Saghafian et al. [25] and Badfar et al. [15].
Notably, the SSQ value was reduced by
approximately 40% relative to the findings
of Saghafian et al. [25] , and by about 15%
compared to the results reported by Badfar
etal. [15].

Observed Inflow
—o— Current Study
—e—Saghafian et al. (2015)
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——Badfar et al. (2021) : FORK
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Figure 11. The routed inflow hydrograph in comparison with those of Saghafian et al. [25] and
Badfar et al. [15] for the double-peak flood data

Table 9. Muskingum methods evaluation criteria for the double-peak flood data

Badfar et al. Current Study
Criterion [15] Saghafian
et al. [25]
EM  FORK nr=1 nr =3 nr*=5 nr=17
S50 967 967 1368 823.463 310.5111 128.6247 642.3044
SAD 124 124 858 118.8228 72.6080 45.8292 98.5738
MARE - - - 0.0216 0.0133 0.0086 0.0202
DPO 7.6 7.6 45.6 4.9376 5.7623 1.566 1.7782
VarexQ - - - 98.4287 99.4075 99.7545 98.7744
R? - - - 0.9844 0.9942 0.9975 0.9878
KG - - - 0.9881 0.9905 0.9909 0.9891
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Figure 12 presents the results of flood
routing using the single-reach LMM, along
with the optimized and unoptimized multi-
reach LMM, applied to the double-peak
flood data. As shown, the routed
hydrograph in the optimized multi-reach
case aligns more closely with the observed
flood compared to the other configurations.
This observation is further supported by the
SSQ and other evaluation criteria values
presented in Table 9. As described, a
significant reduction in the SSQ value was
observed when nr = 5, the identified
optimal number of sub-reaches.

This section examines the impact of the
number of subdivisions on model
performance across different examples.
Figure 13 presents the variation of the SSQ
value relative to the optimal configuration
for the triangular flood hydrograph, Wilson
flood data, and the double-peak flood
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Figure 12- Comparison of routed inflow hydrographs for optimal and non-optimal sub-reach
configurations, based on double-peak flood data
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hydrograph, as a function of the number of
subdivisions. Among these, the triangular
flood hydrograph exhibits the smallest
increase in SSQ when the number of
subdivisions deviates from the optimal
value, compared to the other two cases.

For the triangular flood hydrograph, the
response to changes in the number of sub-
reaches is notably asymmetric (Figure 13).
When the number of sub-reaches is below
the optimal value, the SSQ increases
moderately—by up to 16% fornr = 1. In
contrast, exceeding the optimal number
leads to a substantial rise, with the SSQ
increasing by as much as 233% at nr = 8.
This highlights two key insights: first,
increasing the number of sub-reaches does
not necessarily improve model accuracy,
contrary to common assumptions; and
second, the model exhibits lower sensitivity
to the number of subdivisions when fewer
sub-reaches are used.
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Figure 13. Percentage of increase in SSQ relative to optimal nr with varying the number of
subdivisions in the three flood hydrograph cases

For the Wilson flood data, the variation
in SSQ is also asymmetric; however, the
increase in SSQ is more pronounced when
the number of sub-reaches is less than the
optimal value, compared to when it is
greater than the optimal. Specifically, the
SSQ increases by up to 520% for
suboptimal subdivisions and by
approximately 125% for over optimal
subdivisions. This indicates that applying a
single-reach LMM to the Wilson flood data
results in significant inaccuracy relative to
the optimal number of sub-reaches, and
overall, this flood case is highly sensitive to
the chosen subdivision level.

In the case of the double-peak flood
data, the SSQ wvariations are nearly
symmetric, with increases reaching up to
500%. This demonstrates that the double-
peak flood is also highly sensitive to the
number of sub-reaches selected for the
proposed multi-reach LMM flood routing
procedure.

In this study, a multi-reach Linear
Muskingum Model (LMM) was employed
for inverse flood routing, aiming to
reconstruct the upstream inflow hydrograph
based on downstream flow data. To
estimate the parameters of the multi-reach
LMM, the weighted mean of vectors
(INFO) algorithm—a powerful meta-
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heuristic ~ optimization technique—was
utilized. Two strategies were adopted to
enhance routing accuracy: (1) the
contribution of lateral flow along the river
was incorporated, and (2) the number of
sub-reaches was treated as a decision
variable and estimated alongside other
model parameters.

The proposed multi-reach LMM
integrated with INFO was tested using three
distinct flood hydrographs: a triangular
flood hydrograph, the Wilson flood data,
and a double-peak flood hydrograph. The
results were compared with those from
previous studies. Even in the single-reach
case, the proposed approach demonstrated
higher accuracy across the three flood
scenarios. When the number of sub-reaches
was also optimized, the improvement
became more significant; for example, in
the double-peak case, the SSQ value was
reduced by more than six times compared to
the single-reach (no subdivision) state.
Other evaluation metrics consistently
confirmed the superior performance and
robustness of the proposed method.
Additionally, the analysis showed that the
double-peak flood hydrograph is the most
sensitive to the number of sub-reaches,
whereas the triangular flood is the least
sensitive. In conclusion, the developed
multi-reach LMM with INFO proves to be
an effective and reliable tool for inverse
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flood routing. Future work could explore its
application using a nonlinear Muskingum
model to further enhance modeling
capabilities.
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A-1

Appendix A. Derivation of the Inverse Muskingum Routing Equation with Lateral Flow

Discretizing Eq. (1) over a time interval At using a weighted scheme gives:

S2—5
At

=1 +AlA -6 + 61,1 - [(1-6)0, +60,] (AD)

The storage values at the beginning and end of the time step are obtained from Eq. (2):

S, =K[XA+ P+ (1 -X)0,] (A2)
Si=K[XA+p)L+(1-X)04] (A3)

Substituting Eqs. (A2) and (A3) into Eq. (A1) and rearranging terms yields:
KIX(A+pB)L+(1-X)0,] - K[X(1+B);+(1—-X)0,]

At (A4)
=A+PIA-6); +6I,] —[(1—6)0; +60,]

Solving for the unknown upstream inflow I; results in the inverse routing equation:
I; = C,0,+ C,0, + C31, (A5)
where the coefficients are defined as:

1 K(1—X)+6At

C, =
Y714 BKX+(1—0)At

c -1 K@ —=X)—(1-0)At
2

“1+8 KX+ (1-0)At
KX — 0At

G = x+ (1— 0)At

(A6)

This formulation enables inverse flood routing while explicitly accounting for lateral flow
contributions through the parameter .
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