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Azarbaijan Shahid Madani University, Labyrinth spillways are widely used to increase effective crest length
Tabriz, Iran. and improve discharge capacity where conventional spillway
widening is restricted by geometric, structural, or economic
limitations. However, identifying an efficient labyrinth configuration
remains challenging because hydraulic performance and construction
cost are governed by nonlinear interactions among geometric
variables. This study develops a scenario-based multi-objective
optimization framework for the geometric design of a real-world
labyrinth spillway by coupling empirical hydraulic relationships with
two evolutionary algorithms: Multi-Objective Particle Swarm
Optimization (MOPSO) and Multi-Objective Imperialist Competitive
Algorithm (MOICA). The optimization problem was formulated to
maximize discharge capacity and minimize concrete volume while
satisfying hydraulic, geometric, structural, and design-discharge
constraints. Three design scenarios with different levels of geometric
freedom were considered to evaluate the influence of constraint
severity on the hydraulic response and attainable optimized solutions.
The framework was applied to the Ute Dam labyrinth spillway as a
benchmark case. Results from ten independent runs showed that
MOPSO outperformed MOICA in convergence stability, objective-
space coverage, and robustness. MOPSO achieved a higher mean
Hypervolume value of 0.721 compared with 0.662 for MOICA,
representing an improvement of approximately 8.9%. It also reached
Hypervolume stabilization earlier, after 42 iterations compared with
57 iterations for MOICA, and showed a lower Hypervolume standard
deviation of 0.009 compared with 0.017. The scenario-based results
demonstrated that the most flexible design case produced the most
favorable volume—discharge response, whereas excessive geometric
enlargement did not necessarily improve hydraulic performance.
Increasing concrete volume from 6000 to 9500 m?® reduced discharge
capacity by approximately 3.52-4.41%, and the volume-normalized
hydraulic productivity decreased by about 39%. These results indicate
that balanced geometric proportions are more important than
structural enlargement alone. Overall, the proposed framework
provides a reproducible and practical decision-support tool for
labyrinth spillway design and rehabilitation, with MOPSO identified
as the more reliable primary optimizer and MOICA retained as a
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Spillways are among the most critical
hydraulic structures in dam and reservoir
systems because they provide a controlled
passage for excess floodwater and directly
affect dam safety, reservoir operation, and
downstream flood-risk management. In
recent decades, aging dam infrastructure,
revised flood estimates, climate-related
hydrological uncertainty, and stricter safety
requirements have increased the need for
cost-effective  spillway upgrading and
rehabilitation. However, increasing the
capacity of conventional linear spillways by
widening the crest is often restricted by site
topography, structural limitations, reservoir-
operation  constraints, environmental
considerations, and construction cost [1-3].
Labyrinth spillways provide an effective
alternative when additional discharge
capacity is required within a limited channel
width. By folding the crest in plan view,
these structures increase the developed crest
length and can pass larger discharges under
a given upstream head compared with a
conventional straight weir of the same
available width. The hydraulic advantage of
labyrinth  spillways has been widely
documented in experimental, analytical, and
design-oriented  studies [4-6]. More
recently, comprehensive reviews have
emphasized the continued importance of
labyrinth and piano-key weirs for spillway
rehabilitation, capacity improvement, and
future hydraulic-structure design [9, 25].
Despite their hydraulic advantages, the
performance of labyrinth spillways is
strongly  dependent on  geometric
proportions. Key parameters include the
number of cycles, developed crest length,
sidewall angle, apex width, cycle width,
weir height, wall thickness, crest shape, and
relative head ratio. Previous studies have
shown that labyrinth spillways are generally
more efficient at relatively low head ratios,
whereas their efficiency may decrease at
higher heads because of nappe interference,
local submergence, flow contraction, and
reduced effective crest-length contribution
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[4, 5, 24, 25]. Therefore, increasing the
structural dimensions or the total concrete
volume does not necessarily result in
improved hydraulic performance unless the
geometric proportions remain hydraulically
efficient.

The hydraulic behavior of labyrinth
spillways is highly nonlinear because the
discharge coefficient is affected by complex
interactions among head ratio, crest length,
cycle geometry, approach flow, and local
flow separation. Empirical and semi-
empirical formulations remain useful for
preliminary design and optimization
because they provide computationally
efficient estimates of discharge capacity.
However, recent numerical studies have
shown that three-dimensional flow features
such as nappe interaction, recirculation
zones, flow separation near apexes, and
free-surface deformation can significantly
influence the hydraulic efficiency of
nonlinear weirs. CFD-based studies have
therefore provided valuable insight into the
hydraulic performance of labyrinth and
piano-key spillway systems under different
geometric and flow conditions [7-9, 26].

In addition to experimental and CFD-
based studies, optimization techniques have
increasingly been used to improve the
design of labyrinth spillways and related
hydraulic structures. Earlier optimization
studies mainly focused on single-objective
formulations, such as minimizing concrete
volume or maximizing discharge capacity,
using methods such as Genetic Algorithms,
Particle = Swarm  Optimization, Bat
Algorithm, Whale Optimization Algorithm,
and other metaheuristic approaches [10-13].
Reliability-based and hybrid optimization
approaches have also been applied to
labyrinth spillway design, indicating the
growing role of uncertainty-aware and
advanced  metaheuristic  methods in
hydraulic-structure ~ optimization  [13].
Although these studies have provided
valuable design improvements, single-
objective  optimization cannot fully
represent the conflicting nature of hydraulic
and economic objectives in practical
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spillway design.
More recent research has moved toward
multi-objective and data-driven

formulations. For example, multi-objective
optimization combined with artificial neural
networks has been wused to improve
labyrinth spillway design while predicting
the discharge coefficient [14]. Related
studies have also shown that machine-
learning and hybrid prediction models can
improve the estimation of discharge
coefficients for nonlinear weirs and support
more efficient design exploration [28].
Furthermore, recent experimental
investigations on trapezoidal labyrinth weirs
have emphasized that geometric
configuration affects not only hydraulic
efficiency but also downstream scour
behavior, confirming the importance of
integrated geometric assessment in practical
design [27].

The practical design of labyrinth
spillways requires balancing at least two
conflicting objectives: maximizing
discharge capacity and minimizing
construction cost. Designs with larger
geometric  dimensions may increase
concrete volume and construction cost,
while overly compact designs may fail to
provide the required hydraulic capacity.
Multi-objective optimization is therefore
more suitable than  single-objective
optimization because it produces a set of
non-dominated Pareto-optimal solutions
rather than a single design. This enables
engineers to evaluate trade-offs between
hydraulic performance and construction
economy and to select a compromise
solution based on project-specific priorities.
Quantitative indicators such as Spacing,
Generational Distance, and Hypervolume
can further support objective comparison of
optimization algorithms in terms of
convergence, diversity, distribution
uniformity, and robustness [20—22].

Although considerable progress has been
made, several research gaps remain. First,
direct comparative studies between different
multi-objective evolutionary algorithms for
labyrinth spillway geometry are still
limited, particularly for Multi-Objective
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Particle Swarm Optimization (MOPSO) and
Multi-Objective Imperialist Competitive
Algorithm  (MOICA). Second, many
previous studies have considered idealized
or laboratory-scale geometries, whereas
fewer studies have examined real-world
spillway configurations with practical
geometric and structural constraints. Third,
the effect of design freedom on Pareto-front
quality has not been sufficiently
investigated through scenario-based
optimization.  Fourth, counter-intuitive
outcomes, such as reduced discharge
capacity despite increased concrete volume,
require further interpretation because they
may be associated with unfavorable
geometric proportions, reduced discharge
coefficient, nappe  interference, or
limitations  of  empirical  hydraulic
formulations [5, 24, 25].

To address these gaps, the present study
develops a scenario-based multi-objective
optimization framework for the geometric
design of labyrinth spillways. The
framework integrates established empirical
hydraulic relationships with two population-
based evolutionary algorithms, namely
MOPSO and MOICA. The optimization
problem is formulated to maximize
discharge capacity while minimizing
concrete  volume  under  hydraulic,
geometric, and structural constraints. Three
design scenarios with different levels of
geometric freedom are considered to
evaluate how constraint severity affects the
attainable Pareto-optimal solutions and the
final engineering trade-offs.

The Ute Dam labyrinth spillway is
adopted as a real-world benchmark case
because of its documented prototype
geometry, rehabilitation background, and
relevance to high-capacity spillway design.
Unlike studies that focus only on a single
optimal geometry, the present study
evaluates the full Pareto front and compares
algorithmic performance using convergence
behavior, Hypervolume, solution stability,
and scenario-based design interpretation.
This allows the proposed framework to
support both technical comparison of
optimization algorithms and practical
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decision-making in hydraulic engineering
design.

The main contributions of this study are
as follows: (i) development of a
reproducible multi-objective optimization
framework for labyrinth spillway geometry
using empirical hydraulic relationships and
explicit design constraints; (ii) direct
comparison of MOPSO and MOICA for a
constrained hydraulic-structure optimization
problem; (iii) scenario-based evaluation of
the influence of geometric design freedom
on Pareto-front quality and design trade-
offs; (iv) quantitative assessment of
algorithmic performance using
Hypervolume, convergence behavior, and
robustness across independent runs; and (v)
engineering interpretation of optimized
solutions for the Ute Dam labyrinth
spillway as a real-world case study.

The hydraulic performance of the labyrinth
spillway was evaluated using the standard
free-overflow weir discharge equation
modified by the developed crest length of

the labyrinth planform:
2 2
Q=§CdLC,/2gH% (1)

where Q is the discharge (m®/s), Cq is the
discharge coefficient, L. is the developed or
effective crest length of the labyrinth
spillway (m), g 1is the gravitational
acceleration (9.81 m/s?), and Hr is the total
upstream head above the spillway crest (m).
The term L. represents the hydraulic
advantage of the labyrinth configuration, in
which the folded crest increases the
effective overflow length within a limited
channel width [4-5].

The discharge coefficient Cq4 accounts
for the effects of crest geometry, sidewall
angle, cycle configuration, approach flow
condition, and relative head. For labyrinth
spillways, Cgq is not constant and may
decrease when the flow is affected by nappe
interference, local submergence, or flow
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contraction. Therefore, the total-head-to-
spillway-height  ratio  (Hp/P)  was
constrained within the practical operating
range of 0.05 and 0.90. P is the spillway
height measured from the channel floor to
the crest level [5,16-17]. This constraint
was imposed to keep all candidate solutions
within a hydraulically feasible range. In the
proposed optimization framework, Eq. (1)
was used to calculate the hydraulic
objective function for each feasible
geometry generated by the optimization
algorithms.

The hydraulic efficiency of a labyrinth
spillway is primarily governed by its
geometric configuration. The principal
geometric parameters considered in the
present study are shown in Figure 1. These
parameters define the planform geometry of
the spillway and form the basis of the
optimization model.

In this study, N denotes the number of
labyrinth cycles. Increasing N generally
increases the developed crest length and
may improve discharge capacity; however,
an excessive number of cycles may also
intensify nappe interference, increase
construction complexity, and reduce
hydraulic efficiency. The parameter B
represents the cycle length, defined as the
longitudinal projection of one labyrinth
cycle in the flow direction. For consistency,
the notation used in the optimization model
is defined as follows: A is the apex width, B
is the cycle length, w is the cycle width, Wr
is the total spillway or channel width, P is
the spillway height, t, is the wall thickness,
N is the number of cycles, « is the sidewall
angle, and L. is the total effective crest
length.

The spillway height is denoted by P,
measured vertically from the spillway floor
to the crest elevation. This parameter
directly affects the relative head ratio Ht/P
and therefore plays an important role in the
hydraulic performance of the spillway. The
wall thickness is denoted by t., which
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mainly  affects  structural  stability,
constructability, and concrete volume. The
sidewall angle « is also considered as a key
geometric parameter because it controls the
orientation of the labyrinth sidewalls and
influences both the developed crest length
and the flow pattern over the spillway.

The effective crest length L. represents
the total developed length of the folded
crest. This parameter is the main source of
the hydraulic advantage of labyrinth
spillways compared with conventional
linear weirs. Nevertheless, increasing L.
does not necessarily lead to a proportional
increase in discharge capacity, because
unfavorable geometric proportions may
reduce the discharge coefficient through
nappe interference, local flow contraction,
or submergence effects.

For consistency, the notation used in the
optimization model is defined as follows: A
is the apex width and Wr is the total
spillway/channel width, B is the cycle
length, w is the cycle width, P is the
spillway height, t,, is the wall thickness, N
is the number of cycles, « is the sidewall
angle, and L. is the effective crest length. In
the proposed framework, these geometric
parameters were either treated as design
variables or fixed according to the selected

L. (Effective crest length)

optimization scenario. The optimization
process aimed to determine the most
favorable combination of geometric
parameters that maximizes discharge
capacity while satisfying all imposed
hydraulic, geometric, and structural
constraints.

In this study, the geometric design of the
labyrinth spillway was formulated as a
constrained multi-objective optimization
problem. The two conflicting objectives
were to maximize the discharge capacity
and minimize the concrete volume.
Therefore, the optimization framework
aimed to generate a set of non-dominated
Pareto-optimal solutions that represent the
trade-off between hydraulic performance
and construction economy.

The multi-objective optimization problem
can be expressed as:

F&) = [1(X), f(X)] 2
subject to
giX)<0, i=12,...m 3)

N (Number of cycles)

ty

(apex width)

e

N

W7 (Channel width)

e

P (Spillway height)

Figure 1. Schematic representation of the labyrinth spillway geometry showing the principal design
variables and geometric parameters used in the optimization model.
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where F(x) is the vector of decision
variables, f; (X) and f,(X) are the objective
functions, and g;(X) represents the i®
normalized design constraint.

The decision vector was defined as:

X=[aBAPt, N] (4)

where « is the sidewall angle, B is the cycle
length, A is the apex width, P is the
spillway height, t,, is the wall thickness,
and N is the number of labyrinth cycles.
The sidewall angle was defined in degrees
in the design-variable bounds, but it was
converted to radians when evaluating
trigonometric functions in the optimization
model.

The cycle width was calculated as:

w = 2(B tana + A) 5)
The total spillway width was obtained as:

Wr = Nw = 2N(B tana + A) (6)
The crest length per cycle was calculated as:

B
lp =2 ( + A) (7)
cosa
Accordingly, the total developed or

effective crest length was expressed as:
B
L. =Nl. = 2N (— + A) (8)
cosa

The first objective function was defined to
maximize the discharge capacity. Based on
the free-overflow equation, the discharge
capacity of each candidate geometry was
calculated as:

2
Q(X) =3 Caley/2gH7 " 9)
By substituting Eq. (9) into Eq. (10), the

discharge capacity can be written as:

QU0 =2Ca2gH;* [2N (== +4)]  (10)

where Q is the discharge capacity (m?/s), Cq
is the discharge coefficient, g is the
gravitational acceleration (9.81~m/s?), and
Hr is the total upstream head above the
spillway crest. Therefore, the hydraulic
objective function was expressed as:

f1(X) = max Q(X) (11)

For implementation in a minimization-
based optimization framework, the same
objective can equivalently be written as:

fiX) =-QX) (12)

The second objective function was
defined to minimize the total concrete
volume. Assuming that the dominant
concrete volume is associated with the
developed wall length, spillway height, and
wall thickness, the concrete volume was
calculated as:

Ve(X) = LcPty, (13)
or equivalently:

B
V() = 2N (———+4) Pt 14
<X cosa v (14)

Thus, the economic objective function was
defined as:

f2(X) = minV;(X) (15)

The allowable ranges of the decision
variables used in the optimization model are
summarized in Table 1.

Table 1. Design variables and their allowable ranges used in the optimization model.

Variable Description Lower bound Upper bound
a Sidewall angle (degree) 6 35°
B Cycle length (m) 1.0 6.0
A Apex width (m) 0.1 1.0
P Spillway height (m) 1.0 5.0
tY Wall thickness (m) 0.2 1.0
N Number of cycles 2 12
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To ensure hydraulic feasibility,
geometric consistency, structural
practicality, and compliance with the
required design discharge, a set of
normalized constraints was imposed on the
optimization model. A candidate solution
was considered feasible only when all
constraints satisfied:

9:(X) <0 (16)

The hydraulic head ratio was constrained
as:

H
0.05 < ?T < 0.90 (17)

This constraint was implemented through
the following normalized forms:

Hr 1

=—Xx——-1%< 18

9:(X) P09 i_o (18)
T

g2(X) = 1= X =<0 (19)

The cycle-width-to-height ratio  was
constrained as:

w
255<4 (20)

where (w) is calculated from Eq. (6). The
corresponding normalized constraints were:

0=2x 1< 21
= — X —-—
93(X) P 3 =
w 1
=1-—%x=-<0 22
P P32 (22)
The apex-width ratio was constrained as:
A
—<0.08 (23)
Pw
A 1
X)=—X——=-1<0 24
gs(X) =—=xooe—1= (24)

The magnification ratio was defined as the
ratio of the total developed crest length to
the total spillway width:
L L 25
W 25)
where (Wr = Nw). This ratio was
constrained as:

3.0<M<95 (26)

The corresponding normalized constraints
were:

M 1
ge(X)=—x—-1<0 (27)

1795 ~ =
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M 1
g7(X):1—TX§SO (28)
The structural wall constraint was defined

as:

A

1.0 < . <20 (29)
and was imposed using:

A 1
gg(X):t—XE—:lSO (30)

YA
go(X)=1—-—x-<0 (31)

ty, 1

Finally, the design discharge constraint was
imposed to ensure that the optimized
spillway satisfies the required design
discharge Qg :

QX) = Qq (32)
which was implemented as:

_ ., X
g10(X) =1 - 0 <0 (33)

d
or, by substituting Eq. (11):

2 15~ 2B
. 3V29CaH}*N(Z5om + 24) 0
Qq B

All objective functions and constraints
were evaluated simultaneously for each
candidate solution generated by the
MOPSO and MOICA algorithms. Candidate
solutions violating one or more constraints
were treated using the constraint-handling
procedure described in Section 2.5. The
resulting feasible non-dominated solutions
formed the Pareto front, representing the
best trade-offs between discharge capacity
and concrete volume.

(34

Two population-based evolutionary
algorithms were implemented to solve the
constrained multi-objective optimization
problem: Multi-Objective Particle Swarm
Optimization (MOPSO) and Multi-
Objective Imperialist Competitive
Algorithm (MOICA). Both algorithms were
selected because they are suitable for
nonlinear engineering optimization
problems involving multiple conflicting
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objectives and bounded design variables. In
the present study, each candidate solution
represented a complete labyrinth spillway
geometry defined by the decision vector
X=[aBAPt, N]|. For each candidate
geometry, the discharge capacity Q(X),
concrete volume V.(X), and all normalized
constraints were evaluated.

Because the optimization problem
contains two conflicting objectives, the
algorithms were designed to approximate a
Pareto front rather than a single optimum
solution. An external archive A was used to
store feasible non-dominated solutions
generated during the search. At each
iteration, the archive was updated by
merging the previous archive with the
newly generated population and retaining
only the feasible non-dominated solutions:

AL = ND(A U P (35)

Where A! is the external archive at
iteration t, Pt*1 is the population generated
at iteration t+1, and ND denotes the feasible
non-dominated subset. If the archive size
exceeded the predefined maximum
capacity, a diversity-preservation procedure
was applied to remove solutions located in
crowded regions of the objective space. In
this study, crowding distance was used to
preserve the spread and uniformity of the

Pareto front:
M

fl+1 fl 1
CDj= ) ——— (36)
kzlfmax fmm

Where CD; is the crowding distance of the
i archive member, M is the number of
objective functions, fi*! and fi~! are the
neighboring objective values after sorting
the archive according to the k™ objective,
and fi"%* and fi™" are the maximum and
minimum values of the k™ objective in the
archive. Archive members with larger
crowding distances were preferred because
they contributed more to Pareto-front
diversity.

Particle Swarm Optimization was originally
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introduced by Kennedy and Eberhart [18].
In MOPSO, each particle represents a
candidate labyrinth spillway geometry. The
position and velocity of the i particle at
iteration t are denoted by xf and vf,
respectively. Particle movement is guided
by its personal best position Pbest! and a
leader selected from the external archive.
The velocity of each particle was updated
as:

vit! = w'vf + cyry (Pbest; — xf) +
c,15(leaderf — xf)

xf = xb vt (38)

(37)

where w! is the inertia weight at iteration t,
c; and ¢, are the cognitive and social
acceleration coefficients, and r; and r, are
random numbers uniformly distributed in
the interval [0,1]. The inertia weight was
decreased linearly during the optimization
process to improve the balance between
exploration and exploitation:

Wmax — Wmin
(————

' = Omay — t (39)

Tmax
where Wy, and w,;, are the maximum

and minimum inertia weights, respectively,
and T,,4, 1s the maximum number of
iterations.

The personal best position of each
particle was updated based on Pareto
dominance and feasibility. If the new
position dominated the previous personal
best, it replaced it. If neither solution
dominated the other, the solution located in
a less crowded region of the objective space
was preferred. The leader of each particle
was selected from the external archive using
a diversity-oriented probability:

CD;

Z|o‘1| CD;
where p; is the selection probability of the
i"" archive member and |A| is the number of
archive members. This strategy increased
the probability of selecting leaders from
sparsely populated regions of the Pareto
front and reduced premature convergence.
After each position update, boundary
control was applied to ensure that all design
variables remained within their allowable

pi = (40)
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ranges. The updated particles were then
evaluated using the objective functions and
constraints defined in Section 2.3. Feasible
non-dominated solutions were added to the
external archive according to Eq. (34). The
MOPSO procedure continued until the
maximum number of iterations was
reached. The computational procedure of
the implemented MOPSO algorithm is
shown in Figure 2a.

The Imperialist Competitive Algorithm was
introduced by Atashpaz-Gargari and Lucas
[19]. In MOICA, each candidate solution is
represented as a country. A set of high-
quality countries is selected as imperialists,
while the remaining countries are assigned
as colonies to form empires. In the present
multi-objective implementation, countries
were compared using feasibility, Pareto
dominance, and diversity contribution.
During the assimilation phase, each colony
moved toward its corresponding imperialist
according to:

xE = xb 4 Br(xfn, — x5 (41)

where x% is the position of a colony at
iteration t, xitmp is the position of the
corresponding imperialist, [ is the
assimilation coefficient, and r is a random
number uniformly distributed in [0,1].

To maintain diversity and reduce the risk of
premature  convergence, a revolution
operator was applied to a predefined
fraction of colonies. During revolution, one
or more design variables were regenerated
within their allowable bounds:

xfjﬁ =xk+r@xl —xb) (42)

where x{%" is the updated value of the k™

design variable of country i, xf and xY are
the lower and upper bounds of that variable,
and r is a random number uniformly
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distributed in [0,1].

After assimilation and revolution, all
countries were evaluated using the same
objective functions and constraints applied
in MOPSO. The external archive was
updated using Eq. (36), and diversity was
preserved using the crowding-distance
criterion in Eq. (37). Imperialistic
competition was performed by comparing
empires based on the quality of their
imperialists, the feasibility of their colonies,
and their contribution to the non-dominated
archive. Weaker empires gradually lost
colonies to stronger empires, and collapsed
empires were removed from the population.
Similar to MOPSO, boundary control was
applied after each update to keep all design
variables within the feasible search space.
The MOICA procedure continued until the
maximum number of iterations was
reached. The final feasible non-dominated
solutions stored in the external archive
represented the Pareto-optimal set obtained
by MOICA. The computational procedure
of the implemented MOICA algorithm is
shown in Figure 2b.

To ensure a fair comparison, MOPSO and
MOICA were implemented using the same
objective functions, design-variable bounds,
normalized constraints, population size,
archive size, and stopping criterion. Both
algorithms were run independently under
identical computational conditions. Their
performance ~ was  compared  using
convergence behavior, Pareto-front
distribution, Hypervolume, and run-to-run
stability. This comparison allowed the
algorithms to be evaluated not only based
on the best solution obtained, but also based
on robustness, diversity, repeatability, and
practical usefulness for engineering
decision-making.
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Figure 2. Author-developed computational flowcharts of the optimization algorithms used in the
proposed framework: (a) Multi-Objective Particle Swarm Optimization (MOPSO) and (b) Multi-
Objective Imperialist Competitive Algorithm (MOICA). The diagrams summarize the main steps
for objective and constraint evaluation, archive updating, diversity preservation, iterative solution

improvement, and Pareto-front generation.

The geometric optimization of labyrinth
spillways is a constrained multi-objective
problem because each candidate design
must  satisfy  hydraulic,  geometric,
structural, and design-discharge

requirements.  Therefore, an explicit
constraint-handling strategy was
implemented to  prevent infeasible

configurations from being selected as final
Pareto-optimal solutions.

All constraints were first expressed in
normalized form as:

g(X)<0, i=12,....,m (43)

where g;(X) is the normalized value of the
i constraint and m is the total number of
constraints. A candidate solution was
considered feasible only if all constraints
were satisfied. The total constraint violation
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of a candidate solution was calculated as:

cvV(X) = Zmax[O,gi(X)] (44)
i=1

where CV(X) is the total constraint
violation. Therefore, a feasible solution
satisfies:

cViX) =0 (45)
whereas an infeasible solution satisfies:
CV(X) >0 (46)

A feasibility-based comparison rule was
used during selection, archive updating,
personal-best updating, and imperialistic
competition. According to this rule, feasible
solutions were always preferred over
infeasible solutions. When two feasible
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solutions were compared, Pareto dominance
was used. When two infeasible solutions
were compared, the solution with the
smaller total constraint violation was
preferred. This rule can be summarized as:

Xa <: Xp if
CV(Xy) =0, CV(X,)>0
CV(X) =0, CV(X,) = (I)J X, <c Xy (47)
CV(X) < CV(Xy), CV(X,) >0, CV(X,) >0

where <, denotes constrained dominance
and < denotes conventional Pareto
dominance.

In addition to constraint violation
control, boundary correction was applied
after each update of the design variables. If
a variable exceeded its allowable lower or
upper bound, it was returned to the nearest
feasible bound according to:

Xik = min[max(xi’k, x,%) , x,ﬂ'] (48)

where x;; is the value of the k™ design
variable of candidate solution i, and x£ and
xy are the corresponding lower and upper
bounds. Since the number of cycles N is an
integer design variable, its updated value
was rounded to the nearest feasible integer
after boundary correction:

N = round (N) (49)
subject to:
N <N <NU (50)

This constraint-handling procedure ensured
that all candidate solutions remained within
the physically meaningful and hydraulically
feasible design space. It also allowed
MOPSO and MOICA to be compared under
identical feasibility rules, thereby improving
the reproducibility and fairness of the
algorithmic comparison.
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The performance of population-based
metaheuristic algorithms is influenced by
the selection of control parameters,
including population size, archive size,
maximum number of iterations, inertia
weight, acceleration coefficients,
assimilation coefficient, and revolution rate.
To ensure a fair comparison between
MOPSO and MOICA, both algorithms were
implemented using the same objective
functions, design-variable bounds,
normalized constraints, archive size,
population size, and stopping criterion. The
same constraint-handling strategy described
in Section 2.5 was also applied to both
algorithms.

The population size and maximum
number of iterations used in the main
optimization analyses were defined as
Npopand Tppgx = 200. Where Ny, is the

population size and Tj,,, is the maximum
number of iterations. Therefore, the total
number of function evaluations for each
independent run was calculated as:

Npg = Npop X Trnax (51)

By substituting the adopted parameter
values, the number of function evaluations
for each run was 100 x 200 = 20000.

The final parameter settings used for the
MOPSO and MOICA algorithms are
summarized in Table 2. These settings were
selected based on common
recommendations in the evolutionary
optimization literature and preliminary
computational checks aimed at achieving
stable convergence, adequate Pareto-front
coverage, and reasonable computational
cost.
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Table 2. Parameter settings used for the MOPSO and MOICA algorithms.

Parameter MOPSO MOICA
Population size, Nyop 100 100
Maximum number of iterations, T4, 200 200
Number of function evaluations, Ngg 20000 20000
External archive size 100 100
Inertia weight, w 0.9 to 0.4, linearly decreasing —
Cognitive coefficient, ¢; 2.0 —
Social coefficient, c, 2.0 —
Number of imperialists — 10
Assimilation coefficient, 8 — 2.0
Revolution rate — 0.10
Number of independent runs 10 10

Stopping criterion

Maximum iterations

Maximum iterations

To account for the stochastic nature of
the algorithms, each algorithm was
executed independently over ten runs using
the same parameter settings. The final
Pareto fronts and performance indicators
were then compared in terms of
convergence  behavior,  Hypervolume,
solution spread, and run-to-run stability.
This procedure ensured that the observed
differences between MOPSO and MOICA
were attributable to algorithmic behavior
rather than inconsistent parameter choices.

The parameter settings reported in Table
2 were kept unchanged for all scenario-
based  optimization  analyses.  This
consistency was necessary to ensure that
differences among scenarios and between
algorithms were related to design
constraints and search behavior, rather than
changes in  computational  settings.
Preliminary trial runs were used only to
check the stability of the computational
implementation and were not included in
the final performance comparison.

The overall optimization framework
developed in this study is shown in Figure
3. The framework integrates the hydraulic
formulation,  geometric  relationships,
design-variable bounds, normalized
constraints, and the two multi-objective
optimization algorithms into a unified
computational procedure.

The process begins with the definition of
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the case-study geometry, hydraulic design
conditions, and allowable ranges of the
decision variables. Each candidate solution
is represented by the decision vector X =
[a BAPt, NJ. Based on this vector, the
derived geometric parameters, including
cycle width, total spillway width, crest
length per cycle, and total effective crest
length, are calculated. The discharge
capacity Q(X) and concrete volume V,(X)
are then evaluated using the objective
functions defined in Section 2.3.

After objective-function evaluation, all
hydraulic, geometric, structural, and design-
discharge constraints are checked using the
normalized constraint functions. Candidate
solutions that violate one or more
constraints are treated using the feasibility-
based constraint-handling strategy described
in Section 2.5. Feasible non-dominated
solutions are stored in an external archive,
and diversity preservation is applied to
maintain a well-distributed Pareto front.

Both MOPSO and MOICA follow the
same objective functions, constraints,
design-variable bounds, population size,
archive size, and stopping criterion to
ensure a fair comparison. The optimization
process continues until the maximum
number of iterations is reached. The final
output of each algorithm is a set of feasible
Pareto-optimal solutions representing the
trade-off between maximum discharge
capacity and minimum concrete volume.

The resulting Pareto fronts are then
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evaluated using convergence behavior,
Hypervolume, solution distribution, and
robustness across independent runs. This
framework enables a systematic comparison
between MOPSO and MOICA and provides

practical decision-support information for
selecting
geometries under hydraulic and structural

efficient labyrinth

constraints.
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for labyrinth spillway design. The framework integrates geometric design variables, hydraulic
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The Ute Dam labyrinth spillway was
selected as the benchmark case study to
evaluate the applicability and reliability of
the proposed multi-objective optimization
framework under real-world hydraulic and
geometric conditions. Ute Dam is a zoned
earthfill embankment dam constructed on
the Canadian River in New Mexico, USA.
The spillway rehabilitation project provides
a suitable benchmark because its geometry,
design constraints, and hydraulic design
requirements have been documented and
widely used in labyrinth spillway design
studies.

The original spillway configuration
consisted of an ungated ogee spillway with
a limited available channel width. Because
conventional capacity improvement by gate
installation or major structural expansion
was  economically and  practically
constrained, a  labyrinth spillway
configuration was adopted as a more cost-
effective rehabilitation alternative. The final
labyrinth layout maintained the available
channel width while increasing the
developed crest length through a folded
planform geometry. This makes the Ute
Dam spillway a representative real-world
case for assessing the trade-off between
hydraulic capacity and structural volume.

The use of Ute Dam as a benchmark is
justified for four reasons. First, it represents
an actual spillway rehabilitation problem
rather than an idealized laboratory
configuration. Second, its geometric
characteristics provide practical bounds for
the optimization variables. Third, the case
includes hydraulic and structural constraints
that are directly relevant to engineering
design. Fourth, it allows the proposed
optimization framework to be compared
with previously published optimization
results based on the same or comparable
design conditions.

In the present study, the Ute Dam
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geometry was used to define the baseline
configuration, allowable design-variable
ranges, and scenario-specific constraints.
The optimization results were interpreted in
terms of relative changes in discharge
capacity, concrete volume, and Pareto-front
quality. Therefore, the calculated discharge
values should be understood within the
same optimization formulation and design
assumptions used for the benchmark
comparison, rather than as independent full-
prototype hydraulic measurements.

To investigate the effect of geometric
design freedom on the attainable Pareto-
optimal solutions, three optimization
scenarios were defined. These scenarios
were designed to represent different levels
of practical design flexibility, ranging from
a relatively flexible rehabilitation design to
a more constrained configuration.

In Scenario 1, the number of labyrinth
cycles was fixed according to the
benchmark spillway configuration, while
the remaining geometric variables were
optimized within their allowable ranges.
This scenario represents the highest level of
design freedom considered in the study and
was used to examine the maximum
achievable improvement under practical
geometric constraints.

In Scenario 2, the spillway height and
total available spillway width were fixed,
while the remaining geometric parameters
were optimized. This scenario represents a
more realistic rehabilitation condition in
which major structural dimensions are
constrained by the existing dam geometry
and site limitations.

In Scenario 3, the spillway height, total
available spillway width, number of cycles,
and wall thickness were fixed. Only the
remaining geometric parameters were
allowed to vary. This scenario represents
the most restrictive design case and was
used to assess how limited geometric
flexibility affects the Pareto front and final
compromise solutions.

The three scenarios enabled a systematic
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comparison of how constraint severity
affects discharge capacity, concrete volume,
solution distribution, and the shape of the
Pareto front. This scenario-based structure
also allowed the optimization framework to
provide practical design guidance for both
flexible and  constrained  spillway
rehabilitation projects.

The verification procedure was designed to
assess whether the proposed computational
framework could reproduce previously
reported optimization behavior and generate
hydraulically feasible labyrinth spillway
geometries. The verification was performed
in two steps.

First, the baseline formulation was
checked by comparing the obtained
optimization results with the previously
published Genetic Algorithm-based
optimization study of Kardan et al. [10].
That study minimized the concrete volume
of a labyrinth spillway under hydraulic and
geometric constraints and reported a
significant reduction in concrete volume
relative to the initial design. In the present
study, the same baseline design
assumptions, hydraulic relationships, and
constraint structure were reproduced as
closely as possible within the proposed
framework. The agreement between the
reproduced GA solution and the published
reference solution was used as a consistency
check for the objective functions, geometric
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relationships, and constraint
implementation.

Second, the verified formulation was
solved using MOPSO and MOICA under
identical computational settings. Both
algorithms used the same objective
functions, design-variable bounds,
normalized constraints, population size,
archive size, maximum number of
iterations, and feasibility-based constraint-
handling procedure. The parameter settings
reported in Table 2 were used for all final
optimization comparisons. Preliminary trial
runs were used only to check numerical
stability and were not included in the final
performance evaluation.

The verification comparison was based
on the optimized geometric parameters,
concrete volume, discharge capacity, and
feasibility of the resulting designs. A
solution was considered hydraulically and
geometrically acceptable only if it satisfied
all normalized constraints, including the
head-ratio constraint, cycle-width ratio,
apex-width ratio, magnification ratio,
structural wall ratio, and design discharge
requirement. This ensured that the final
Pareto-optimal solutions were not only
numerically optimal but also consistent with
practical labyrinth spillway design limits.

Table 3 summarizes the comparison
between the reference GA-based solution
and the solutions obtained using the
algorithms implemented in the present
study.

Table 3. Verification comparison of optimized geometric parameters obtained from the reference
GA-based study and the algorithms implemented in the present framework.

Design parameter Symbol  Unit Kardﬁg]et al. ReprG"g““d MOICA MOPSO
Spillway width per cycle w m 23.655 21.019 17.220 21.600
Cycle length B m 33.976 32.143 28.950 32.150
Eyf(fjg“ve crest length per m 73.591 72203 67.100  71.851
Reference  characteristic

o A m 10.001 9311 6.820 8.100
Spillway height p m 7.896 7111 5.460 7.010

Note: A,y denotes the characteristic width reported in the reference GA-based study and is retained only
for verification consistency. It should not be confused with the apex-width decision variable A used in the

present optimization formulation and Table 1.
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Since multi-objective optimization produces
a set of non-dominated solutions rather than
a single optimum, algorithm performance
was evaluated using metrics that quantify
convergence, solution distribution, and
objective-space coverage. In this study,
three performance indicators were used:
Spacing, Generational Distance, and
Hypervolume.

The Spacing metric evaluates the
uniformity of distribution of the obtained
non-dominated solutions along the Pareto
front. For each solution i, the minimum
distance to the nearest neighboring solution
was calculated as:

JE!

M
d; = min »"|fi = | (51)
k=1

where M is the number of objective

functions, and f{ and fk] are the
normalized values of the k™ objective for
solutions i and j, respectively. The Spacing
metric was then calculated as:

n—1

1 ]
S = (dl — d)Z (52)
2

where n is the number of non-dominated
solutions and d is the mean value of d;. A
smaller value of S indicates a more
uniformly distributed Pareto front.

The Generational Distance metric
measures the convergence of the obtained
Pareto front toward a reference Pareto front.
It was calculated as:

Z?zl diz,ref (53)
D ="——

where d;,.r is the Euclidean distance
between the i obtained non-dominated
solution and the nearest point on the

reference Pareto front. In the absence of an
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analytically known true Pareto front, the
reference front was constructed from the
combined non-dominated solutions obtained
from all independent runs and algorithms. A
smaller value of GD indicates better
convergence.

The Hypervolume indicator evaluates
the objective-space coverage dominated by
the obtained Pareto front with respect to a
predefined reference point. It was calculated
as:

HY = A(U[fl-,r]) (54)

i=1
where 1(-) denotes the Lebesgue measure, f;
is the objective vector of the i™ non-
dominated solution, and r is the reference
point in the normalized objective space. A
larger value of HV indicates better
convergence and wider Pareto-front
coverage.

For all performance metrics, the
objective values were normalized before
comparison to avoid bias caused by
different physical wunits of discharge
capacity and concrete volume. The metrics
were calculated for each independent run,
and the mean, best value, and standard
deviation were used to assess both
algorithmic performance and run-to-run
robustness.

This section presents the optimization
results obtained from the proposed scenario-
based multi-objective framework. The
results are analyzed in four stages. First, the
algorithmic performance of MOPSO and
MOICA is compared in terms of
convergence behavior, Pareto-front
distribution, Hypervolume, and robustness
across independent runs. Second, the effects
of design freedom are examined through the
three optimization scenarios. Third, the
representative boundary and compromise
solutions are evaluated to clarify the trade-
off between discharge capacity and concrete
volume. Finally, the hydraulic and
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engineering implications of the optimized
geometries are discussed.

The performance of MOPSO and MOICA
was first evaluated using the same objective
functions, constraints, parameter settings,
population size, archive size, and stopping
criterion. This ensured that the comparison
reflected the intrinsic search behavior of the
algorithms rather than differences in
computational  settings.  Since  both
algorithms are stochastic, the comparison
was based not only on the best solution
obtained, but also on Pareto-front quality,
convergence stability, Hypervolume, and
run-to-run robustness.

The convergence histories of MOPSO and
MOICA are shown in Figure 5. The curves
indicate that MOPSO reached lower
aggregated objective-function values more
rapidly and with less oscillation than
MOICA. During the early search stage,
MOPSO exhibited a sharper reduction in
the objective value, indicating faster
movement toward promising regions of the
feasible design space. In contrast, MOICA
showed a slower and more fluctuating
convergence pattern, which reflects its
stronger exploratory behavior.

In the intermediate and final stages of
the  optimization  process, MOPSO
maintained a smoother convergence
trajectory and approached stabilization
earlier than MOICA. This behavior suggests
a more effective balance between
exploration and exploitation. MOICA,
although capable of exploring broader
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regions of the search space, required more
iterations to stabilize and showed greater
variability in the convergence curve.
Therefore, from a practical optimization
perspective, MOPSO provided a more
efficient and predictable convergence
process for the labyrinth spillway design
problem.

The Pareto fronts generated by MOPSO and
MOICA are compared in Figure 6. Both
algorithms  produced  feasible  non-
dominated solutions representing the trade-
off between discharge capacity and concrete
volume. However, the MOPSO objective-
space solutions were consistently positioned
in a more favorable region of the objective
space, with higher discharge capacity for
comparable concrete volumes and a
smoother distribution of solutions along the
front.

The improved distribution of MOPSO
solutions indicates better coverage of the
trade-off space and provides engineers with
a more continuous range of design
alternatives. This is particularly important
in hydraulic-structure design, where the
final selection is rarely based on a single
optimum point. Instead, decision-makers
often need to balance hydraulic safety,
construction cost, geometric feasibility, and
site-specific constraints. The more uniform
and extended Pareto front obtained by
MOPSO therefore provides more practical
decision-support value than the more
scattered MOICA front.
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coverage and convergence stability.
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Table 4. Hypervolume statistics obtained from ten independent optimization runs.

Indicator MOPSO MOICA
Best Hypervolume 0.736 0.681
Mean Hypervolume 0.721 0.662
Standard deviation 0.009 0.017
Iterations to Hypervolume stabilization 42 57

The Hypervolume statistics obtained from
ten independent runs are summarized in
Table 4. MOPSO achieved a higher mean
Hypervolume value of 0.721 compared with
0.662 for MOICA, corresponding to an
improvement of approximately 8.9%. The
best Hypervolume value was also higher for
MOPSO, with 0.736 compared with 0.681
for MOICA. In addition, the standard
deviation of Hypervolume was lower for
MOPSO, 0.009 compared with 0.017 for
MOICA, indicating greater run-to-run
stability.

MOPSO also reached Hypervolume
stabilization after 42 iterations, whereas
MOICA required 57 iterations. This
confirms that MOPSO not only achieved
better objective-space coverage but also
reached a stable Pareto-front approximation
earlier. The boxplot comparison of final
objective values further supports this
conclusion, showing narrower dispersion
and fewer extreme variations for MOPSO.
Overall, these results demonstrate that
MOPSO provides a more robust and
repeatable optimization performance, while
MOICA remains useful as a complementary
algorithm for exploratory search.

The scenario-based results were analyzed to
evaluate how the level of geometric design
freedom affects the hydraulic response of
the optimized labyrinth spillway
configurations. Figure 7 compares the
volume—discharge response curves obtained
for the three design scenarios. The results
indicate that the imposed geometric and
structural restrictions have a clear influence
on the attainable discharge capacity.
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Scenario 1, which allowed the highest level
of design freedom, provided the highest
discharge capacity over the investigated
concrete-volume range. Scenario 2 showed
intermediate behavior, whereas Scenario 3,
with the most restrictive design conditions,
resulted in the lowest hydraulic
performance.

The superior response of Scenario 1 can
be attributed to the greater flexibility
available for adjusting the geometric
proportions of the labyrinth planform.
When fewer variables are fixed, the
optimization process can more effectively
modify the sidewall angle, cycle length,
apex width, spillway height, wall thickness,
and number of cycles to obtain a more
favorable balance between developed crest
length and  discharge coefficient.
Conversely, when major dimensions are
fixed, as in Scenarios 2 and 3, the feasible
design space becomes narrower, and the
algorithm has less freedom to compensate
for hydraulic inefficiencies associated with
unfavorable geometric proportions.

It is important to clarify that the
response curves shown in Figure 7 should
not be interpreted as conventional Pareto
fronts in the strict multi-objective sense.
The optimization problem in this study aims
to minimize concrete volume and maximize
discharge capacity. Therefore, any solution
with both larger concrete volume and lower
discharge capacity is dominated by a
solution with smaller volume and higher
discharge. Accordingly, the decreasing
trends in Figure 7 should be interpreted as
scenario-based hydraulic response curves,
showing how geometric enlargement within
the investigated solution range may reduce
hydraulic efficiency when the resulting
proportions become unfavorable.

This  behavior is  hydraulically
meaningful for labyrinth  spillways.
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Increasing concrete volume may increase
some structural dimensions or developed
crest length, but the hydraulic benefit of this
increase is not unlimited. If the resulting
geometry intensifies nappe interference,
local flow contraction, separation near apex
regions, or partial submergence effects, the
discharge coefficient may decrease and
offset the advantage of increased crest
length. Similar behavior has been reported
in recent hydraulic and numerical studies of
labyrinth-type spillway systems, where
geometric configuration was shown to
strongly affect flow structure, discharge
coefficient, and overall hydraulic efficiency
[25-27].

To quantify this response, representative
low-volume and high-volume boundary
solutions were extracted from each
scenario. The low-volume boundary
solution was wused as the reference
condition, and the high-volume boundary
solution was compared with it to evaluate
the corresponding percentage changes in
concrete volume and discharge capacity.
The percentage changes were calculated as:

V.-V,

AV.(%) = 2T« 100 (55)
Vc,ref

AQ(%) = Qi Qres 100 (56)
Qref

where V,.; and Q; are the concrete volume
and discharge capacity of a given Pareto

solution, while Vs and Q. are the
corresponding values for the low-volume
boundary solution in the same scenario.

As shown in Table 5, increasing the
concrete volume from 6000 m* to 9500 m?*
resulted in a 58.33% increase in structural
volume for all three scenarios. However, the
discharge capacity decreased by 3.52%,
4.36%, and 4.41% in Scenarios 1, 2, and 3,
respectively. This confirms that the high-
volume boundary solutions should not be
regarded as maximum-discharge solutions.
Rather, they represent geometrically larger
configurations located at the high-volume
end of the investigated response range.

Figure 8 further illustrates the percentage
changes in concrete volume and discharge
capacity between the low-volume and high-
volume boundary solutions. Although the
increase in concrete volume was identical in
all scenarios, the reduction in discharge
capacity became slightly more pronounced
as the design constraints became more
restrictive. Scenario 1 showed the smallest
discharge reduction, indicating that greater
geometric freedom helped reduce the
hydraulic penalty associated with increasing
structural dimensions. In contrast, Scenario
3 showed the largest reduction, suggesting
that restrictive geometric conditions made
the system more sensitive to unfavorable
proportional changes.

Table 5. Representative boundary solutions obtained from the scenario-based volume—discharge
response curves.

Concrete Discharge
Scenario Design point 3 capacity, AV (%) AQ(%)
volume, V. (m’) 3
Q (m°/s)
Scenario 1 Low-volume boundary solution 6000 99.40 — —
Scenario 1 High-volume boundary solution 9500 95.90 +58.33 -3.52
Scenario 2 Low-volume boundary solution 6000 98.70 — —
Scenario 2 High-volume boundary solution 9500 94.40 +58.33 -4.36
Scenario 3 Low-volume boundary solution 6000 97.60 — —
Scenario 3 High-volume boundary solution 9500 93.30 +58.33 -4.41
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From an engineering perspective, these
results highlight an important design
principle:  larger labyrinth  spillway
geometries do not automatically provide
better hydraulic performance. The discharge
capacity is governed not only by the
developed crest length but also by the
efficiency of the geometric configuration.
Therefore, practical design should focus on
balanced geometric proportions rather than
structural enlargement alone. Scenario 1
provides the most favorable response
because it offers greater flexibility for
maintaining efficient proportions. Scenario

21

rehabilitation condition where some major
dimensions are fixed, while Scenario 3
illustrates the performance limitations that
can arise when design freedom is strongly
restricted.

Overall, the scenario-based analysis
demonstrates the value of incorporating
different levels of design freedom into the
optimization framework. It allows the
designer to distinguish between
geometrically larger but hydraulically less
efficient configurations and more balanced
solutions that better satisfy both hydraulic
and structural requirements.
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Figure 7. Scenario-based volume-discharge
geometric design freedom. Scenario 1 provides

response curves obtained under different levels of
the highest discharge capacity over the investigated

concrete-volume range.
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Figure 8. Percentage changes in concrete volume and discharge capacity between the low-volume

and high-volume boundary solutions for each scenario. The results show that increasing concrete

volume by 58.33% reduced discharge capacity by 3.52—4.41%, indicating that hydraulic efficiency
depends on optimized geometric proportions rather than structural enlargement alone.

As shown in Figure 8, all scenarios
experienced the same concrete-volume
increase of 58.33%, but the reduction in
discharge capacity became slightly more
pronounced as the design constraints
became more restrictive. Scenario 1 showed
the smallest discharge reduction -3.52%,
whereas Scenarios 2 and 3 showed larger
reductions of -4.36% and -4.41%,
respectively. This indicates that additional
geometric freedom allows the optimization
process to better compensate for hydraulic
inefficiencies. Conversely, when major
dimensions are fixed, larger configurations
are more likely to deviate from
hydraulically favorable proportions, leading
to reduced discharge efficiency.
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4.3 Hydraulic Interpretation of the
Non-Monotonic Volume-Discharge
Response

The decreasing volume—discharge response
observed in Section 4.2 requires further
hydraulic interpretation because it may
appear counter-intuitive if concrete volume
is assumed to be directly proportional to
hydraulic  performance. In labyrinth
spillways, however, discharge capacity is
not governed by structural size alone.
According to the governing discharge
equation, the discharge capacity depends on
both the developed crest length and the
discharge coefficient:

2 3
Q= §CdLC,/2gH%
where Cy; is the discharge coefficient and

L. is the total developed crest length.
Therefore, an increase in geometric

(57)
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dimensions or concrete volume can improve
discharge capacity only if the corresponding
geometric changes do not reduce the
hydraulic efficiency of the spillway. If the
enlarged configuration produces
unfavorable flow conditions, such as nappe
interference, local flow contraction, partial
submergence, or flow separation near the
apex regions, the resulting decrease in Cy
may offset or even exceed the benefit of
increasing L.. This explains why larger
structural configurations do not necessarily
produce higher discharge capacity.

To evaluate the material efficiency of the
investigated configurations, a volume-
normalized hydraulic productivity index
was defined as:

V.
where Ej, represents the discharge capacity
provided per unit concrete volume. A higher
value of Ej indicates a more material-
efficient hydraulic design. To compare the
low-volume and high-volume boundary

(58)

solutions within each scenario, the
normalized  productivity index  was
calculated as:
Eqi Qi/Q
Eé — Q,i — l/ ref (59)
EQ,ref Vc,i/Vc,ref

where Eg; is the productivity index of a
given boundary solution, and Ej . is the
productivity index of the low-volume
reference solution in the same scenario. The
percentage change in hydraulic productivity
was then calculated as:

23

AEy (%) = (E5 — 1) x 100 (60)

Table 6 summarizes the volume-normalized
hydraulic productivity of the low-volume
and high-volume boundary solutions.

As shown in Table 6, the high-volume
boundary solutions exhibit substantially
lower hydraulic productivity than the
corresponding  low-volume  boundary
solutions. Although the concrete volume
increased by 58.33%, the discharge capacity
decreased slightly, which caused the
volume-normalized productivity to decline
by approximately 39.07%, 39.59%, and
39.62% in Scenarios 1, 2, and 3,
respectively. This finding confirms that the

high-volume  configurations are not
hydraulically or materially efficient, even
though they contain larger structural
dimensions.

The productivity analysis provides a
clearer explanation of the non-monotonic
response observed in Figure 7 and Figure 8.
The reduction in Ej indicates that additional
concrete volume did not translate into
proportional hydraulic benefit. Instead, the
enlarged configurations likely moved away
from hydraulically favorable proportions,
reducing the effective discharge
contribution of the developed crest length.
This interpretation is consistent with the
known hydraulic behavior of labyrinth
spillways, where performance depends
strongly on geometric proportion, nappe
behavior, effective crest contribution, and
discharge-coefficient variation.

Table 6. Volume-normalized hydraulic productivity of the low-volume and high-volume boundary

solutions.
Scenario Design point V.(m*) Qms) E,=0Q/V E; AEy (%)
Scenario 1 Low-volume boundary solution 6000 99.40 0.01657 1.000 —
Scenario 1 High-volume boundary solution 9500 95.90 0.01009 0.609 -39.07
Scenario 2 Low-volume boundary solution 6000 98.70 0.01645 1.000 —
Scenario 2 High-volume boundary solution 9500 94.40 0.00994 0.604 -39.59
Scenario 3 Low-volume boundary solution 6000 97.60 0.01627 1.000 —
Scenario 3 High-volume boundary solution 9500 93.30 0.00982 0.604 -39.62
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From a design perspective, the results
show that the most efficient configurations
are not necessarily the largest ones. The
low-volume boundary solutions provided
both higher discharge capacity and higher
hydraulic ~ productivity =~ within  the
investigated response range. Therefore, the
optimization process should focus on
identifying balanced geometric
configurations rather than simply increasing
structural dimensions. This is particularly
important in spillway rehabilitation projects,
where unnecessary increases in concrete
volume may increase construction cost
without improving hydraulic capacity. The
proposed scenario-based framework is
useful because it identifies when geometric
enlargement becomes hydraulically
inefficient and helps guide the selection of
designs that better balance hydraulic
performance and material use.

The optimization results provide several
practical implications for labyrinth spillway
design and rehabilitation. The most
important finding is that hydraulic
efficiency is governed by balanced
geometric proportions rather than by
structural enlargement alone. Although
increasing concrete volume may increase
some geometric dimensions, it does not
necessarily improve discharge capacity if
the resulting configuration reduces the
effective discharge coefficient. Therefore,
design decisions should not be based solely
on increasing crest length, spillway height,
or wall dimensions, but should consider the
combined effects of developed crest length,
sidewall angle, apex width, cycle width, and
head ratio.

From a practical design perspective,
Scenario 1 produced the most favorable
hydraulic response because it allowed
greater flexibility in adjusting the main
geometric variables. This suggests that
when the design conditions permit sufficient
geometric freedom, multi-objective
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optimization can identify configurations
with better hydraulic performance and
material  efficiency. However, such
flexibility may not always be available in
rehabilitation projects, where existing dam
geometry, available channel width,
structural constraints, and construction
limitations may restrict the feasible design
space.

Scenario 2 represents a more realistic
rehabilitation condition because major
dimensions such as spillway height and
available width are often fixed by the
existing site. Although its hydraulic
response was less favorable than Scenario 1,
it still provided a useful range of design
alternatives. This indicates that even under
partially constrained conditions, multi-
objective optimization can help identify
efficient  configurations and  avoid
unnecessary structural enlargement.

Scenario 3 showed the most restricted
hydraulic performance because several key
geometric and structural parameters were
fixed. The results from this scenario
demonstrate that when design freedom is
strongly limited, the optimization algorithm
has less ability to compensate for
unfavorable geometric proportions. This
may lead to lower discharge capacity and
reduced hydraulic productivity. Therefore,
highly constrained designs should be
evaluated carefully before implementation,
especially when the objective is to improve
spillway  capacity without excessive
construction cost.

The results also highlight the importance
of avoiding misleading design
interpretations. The high-volume boundary
solutions in this study should not be
considered optimal merely because they
contain more concrete or larger dimensions.
In fact, these configurations showed lower
discharge capacity and lower volume-
normalized hydraulic productivity than the
corresponding  low-volume  boundary
solutions. This finding supports the use of
objective-space  analysis,  productivity
indices, and scenario-based evaluation
before selecting a final design.
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For engineering decision-making, the
selected design should be located in a
balanced region of the solution space where
discharge capacity, concrete volume,
constructability, and hydraulic feasibility
are simultaneously acceptable. Extreme
solutions may be useful for understanding
the limits of the design space, but they are
not always suitable for implementation. A
low-volume solution may be attractive from
an economic perspective, while a high-
capacity solution may be preferred for
safety considerations. However, the final
compromise  solution should avoid
configurations that increase concrete
volume without improving hydraulic
performance.

This study developed a scenario-based
multi-objective optimization framework for
the geometric design of labyrinth spillways
by coupling empirical hydraulic
relationships with MOPSO and MOICA.
The optimization problem was formulated
to maximize discharge capacity and
minimize concrete volume under hydraulic,
geometric, structural, and design-discharge
constraints. The Ute Dam labyrinth spillway
was used as a real-world benchmark case.
The algorithmic comparison showed that
MOPSO outperformed MOICA in terms of
Pareto-front quality, convergence stability,
and robustness. Across ten independent
runs, MOPSO achieved a higher mean
Hypervolume value of 0.721 compared with
0.662 for MOICA, a higher best
Hypervolume value of 0.736 compared with
0.681, and a lower standard deviation of
0.009 compared with 0.017. MOPSO also
reached Hypervolume stabilization earlier,
after 42 iterations compared with 57
iterations for MOICA. These results
indicate that MOPSO provides more stable
and better-distributed solutions for the
present constrained spillway optimization
problem. The scenario-based analysis
showed that geometric design freedom
strongly  affects hydraulic response.
Scenario 1, with the highest design
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flexibility, produced the most favorable
volume—discharge response, while Scenario
3, with the most restrictive conditions,
showed the lowest hydraulic performance.
A key finding was that increasing concrete
volume alone did not improve discharge
capacity. Increasing the volume from 6000
m? to 9500 m® increased structural volume
by 58.33%, but reduced discharge capacity
by 3.52-4.41%. The volume-normalized
hydraulic productivity also decreased by
approximately  39%, confirming that
hydraulic efficiency depends on balanced
geometric proportions rather than structural
enlargement  alone. = The  proposed
framework provides a practical decision-
support tool for labyrinth spillway design
and rehabilitation. It enables engineers to
compare alternative design scenarios,
evaluate algorithmic robustness, and
identify efficient configurations that balance
hydraulic performance and concrete
volume. MOPSO is recommended as the
primary optimizer for this class of
constrained multi-objective design
problems, while MOICA can be used as a
complementary exploratory benchmark.
Future studies may extend the framework
by incorporating CFD-based discharge-
coefficient evaluation, uncertainty analysis,
structural safety, sediment and scour
constraints, and life-cycle cost assessment.
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